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Man's slow and tortuous climb out of the primeval ooze probably 
began with the invention of the club, but his progress was 
unquestionably accelerated when he learned to throw stones with 
some degree of accuracy. Today he is still throwing things. 
The only difference between modern man and his very early 
ancestors in this respect is that the things being thrown today 
are considerably more lethal than stones and that he no longer 
uses his arm muscles to throw them! 

As early as the I6th century, much attention was already being 
given to accuracy of ''throwing". For example, as shown in 
Figure 1 , artillerymen were beginning to apply some mathematics 
to the aiming of their cannon. In this illustration, the 
cannoneer is being taught how to use a quadrant to help him 
achieve the desired trajectory by selecting the proper angle of 
elevation for the cannon. 

Of course, we can do a lot better- today • We understand projectile 
motion; we know how to apply mathematics to the motion so that we 
can predict how the projectile will move, how high it will rise 
in the air, and how far down-range it will go. 



An understanding of projectile motion must start with fundamentals 
(Figure 2) . A gun is placed so that its muzzle makes an angle 0 
with the ground considered here to be perfectly horizontal. The 
projectile is fired so that it leaves the muzzle with an initial 
velocity v. Its subsequent motion will depend to a great extent 
on the length of time it will remain in the air before returning 
to the ground, hence this is the first consideration to be worked 
out. 

To calculate the total time of flight, it is first necessary to 
determine the time needed for the projectile to reach the 
highest point in its flight. This approach requires that the 
initial velocity v_ at an angle 0 to the ground be resolved into 
its horizontal and vertical components, v^ and v^ respectively. 
(Figure 3) . 

The horizontal component v^ is trigonometrically related to the 
initial velocity v^ by the cosine of angle 0. Hence, v^ =* v cos 0. 
Similarly, v v sin 0. Refer now to Figure 4. 



v= Muzzle 





The real motion of the projectile consists of a vertical and 
horizontal component, but it will, be shown that these two 
motions are completely independent of one another. The fact 
that the projectile is moving horizontally at the same time 
.that it is rising or falling does not affect the rise or 
fall time . This means that the rise time may be calculated 
by considering the vertical motion only as in Figure 5 . The 
final velocity v attained by a body moving in a gravitational 
field is given by the expression v = v^ - gt where v^ is the 
vertical component of the initial velocity, £.is the accelera- 
tion due to gravity, and _t is the time required for the body 
to reach the velocity v. When a rising projectile reaches the 
highest point of its flight, it must stop moving upward just 
before it begins its descent, hence the final velocity at the 
top of the flight is zero . Substituting zero for v in the 
equation yields finally the expression given for the time _t 
to the highest point. 

Since the projectile is acted upon by the sane accelerating 
force on its way down as it was subjected to on its way up, 
the time for return may be shown to be exactly the same as 
the time of rise. Refer to Figure 6 . From this it can be 
seen that the total time of flight is simply twice the rise 
time. 
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V COS 0 



Figure 7 also provides an expression for finding the range R_ of a projectile. 
The range is defined as the horizontal distance from the cannon to the point 
where the projectile returns to earth. The range equation i*^: obtained in 
this way: once the projectile leaves the muzz'' 3, the only force acting on 
it is the gravitational force provided that we ignore frictional retardation 
due to air resistance. The gravitational force is wholly vertical; it has 
no horizontal component. As you will discover later when you study the laws 
of motion, an object on which no unbalanced force acts neither accelerates 
nor decelerates. In this case, the absence of an unbalanced horizontal 
force seems to imply that the horizontal component of the projectile's 
velocity will be constant . This remains to be seen but it is a justifiable 
preliminary assumption. Making this assumption, then, it can immediately 
be said that the distance (range) covered by the projectile is simply: 

R = V t 

X 

in which R = range, v^ = constant horizontal velocity, and t = total time 
of flight. It is already known, however, that: 

\ 

V = V cos 0 

X 

, ^ 2 V sin 0 

and t = 

S 

Substituting these identities for the terms in the first equation yields 
the range equation in Figure 7. 

When the range equation is simplified it appears as in Figure 8 . This 
figure presents the two key equations developed thus far in final form. At 
this point, the student should do a unit check on both expressions to be 
sure that he sees that, in MKS units, _t will come out in seconds and R in 
meters ^ 
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It was mentioned above that the absence of an unbalanced 
horizontal force implies that the horizontal velocity will 
be constant. This is sometimes demonstrated with the aid 
of a spring gun ( Figure 9) which fires a spherical projectile 
through the air. A coordinate grid may be used as a back- 
ground for observing the trajectory ( Figure 10) . 

There are several ways to observe the trajectory so that 
measurements can be made to confirm the constancy of v 
among other things. 



FIGURE (9 



FIGURE (10 



A high-speed motion picture camera may be used to film the actual 
flight of the ball and then may be played back in slow motion, or 
a Polaroid type of earner,- ay be used to produce a composite print 
if the source of phof.^^Lu^ Ught is a high-intensity stroboscope 
set for rapid, repetJ > ivp .ing. Either of these methods presents 
a final picture such as that given in Figure 11 . 

Note first that the vertical displacement for equal time intervals 
constantly changes indicating that the vertical velocity is not 
uniform. Then observe that the horizontal displacements in each 
unit of time are the same showing that v^ is constant. The right- 
left synunetry of the trajectory curve also serves to show that 
the horizontal motion is uniform; if the projectile were slowing 
down ~ an effect one might expect if a horizontal retarding 
force were acting on it ~ the right-hand portion of the trajectory 
curve woul-d reveal this in the form of a steepening slope for each 
unit of time. 

It is a matter of interest that the ideal trajectory curve is a 
parabola that follows the equation: 

, 2 
y = ax - bx 

in which y is the vertical height at any time as a function of the 
horizontal position x, and a and b are constants whose values , 
depend on the angle of elevation of the gun, the initial velocity 
of the projectile, and the value of the gravitational acceleration 
constant ^ at that particular location. 
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There is another interesting experiment that may be performed in 
the classroom. This one is used to demonstrate another important 
aspect of projectile motion. Refer to Figure 12 . Shown here is 
a "trick*^ projectile consisting of two halves of exactly equal 
mass; when assembled, the two parts 'are held together by a 
short string which neutralizes the tendency of the internal 
spring to make the projectile "explode'^ A carefully timed fuse 
is set to b ow the projectile apart at or near midflight. 
Suppose, as indicated in Figure 13 , the explosion is timed to 
occur exactly at midflight when the projectile's axis is 
horizontal. A short time afterward, the two equal-mass fragments 
would have mov<ed a^part to the positions shown in Figure 14 . The 
fragment on tihe rt^t has gained some additional speed as a 
result of th^ r ()tosion while the one on the left lost some speed. 
The former h ^s flattened its trajectory and the latter shows a 
steeper trajectory, both the result of the simultaneous changes 
in speed. But ^ poin± of special interest emerges from a study 
of the positinub of the fragments; the midppi^ait of the line 
connecting t hj. cen-ters of the two fragments ll&s on the original 
trajectory cu rve. 
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Now refer to Figure 15 which depicts the fragment positions a 
little later in time. The trajectories continue to move apart 
but the center of the connecting line still rests on the 
original curve. 

This action continues right up until the instant of impact of 
both fragments with the ground, as shown in Figure 16 , 

Exactly what is the significance of this consistent behavior 
of the fragments? It points out a very significant phenomenon*: 
the center of mass of the two-fragment system follows the 
trajectory that the whole projectile would have taken had there 
been no explosion . 

The demonstration described abcove has two **special-case" 
aspects: first, the explosion occurred exactly in the middle 
of the trajectory; second, the axis of the projectile was 
perfectly horizontal, insuring that no vertical forces would act 
on it during the explosion. To prove that the motion of the 
center of mass of the equal fragments would follow exactly the 
same path for all other conceivable variations requires an 
understanding of the concepts of momentum and conservation 
principles. The fact that this does indeed occur is easily 
^itown by experiment but the mathematical proof must be left for 
a later date. 
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PROJECTILE 
MOTION 



TERMINAL OBJECTIVES 

2/3 B Analyze the trajectory curve of a particle projected 
horizontally (no vertical component) from the top of 
a structure. 



2/3 E Solve position, time velocity, and range probJans 
involving projectiles with any angle of jiepartBtre. 



Please turn to page 2m of your STUDY GUIDE 
to continue with your Taark. 
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Aristotelian philosophy held that a material object was in its "natural" 
state only if it was at rest. If there, is no force acting on a body in 
motion to maintain the state of motion, then the body must come to rest 
to return to its "natural" state. When one considers that most simple 
observations made during the normal course of a day seem to bear out this 
conclusion, one must concede that the assumption appears reasonable. If 
a massive object such as a well-stocked bookcase were suddenly to rise in 
the air pf its own volition, even a modern observer would consider the 
action "unnatural" or, more probably, supernatural! If a body at rest does 
not begin to move unless it is somehow influenced by an external agency, it 
would appear logical to assume that a moving object would come to rest of 
its own accord if the agency that caused it to move initially were to be 
removed. And, indeed, tliis is precisely what happened in the basic experi- 
ments performed by the ancient philosophers. If a book is h.Mnd-propelled 
along a table top and if the hand is then removed, the book comes to rest 
almost immediately. 

The basic fallacy in this reasoning is that one tends to ignore certain 
external agencies which do not overtly make themselves evident to the 
senses. When these^ hia.^en factors are searched out, exposed, and accounted 
for ~ the "natural" state of things becomes a myth. As a steam locomotive 
drawing a train of cars stoutly puffs and snorts, it certainly appears as 
tihough the force exerted by the engine on the wheels is needed to keep the 
txain moving at a constant speed. But there are "hidden" forces acting on 
lt3ae train. One of these is illustrated in Figure 1 . It is the retarding 
fe)rce offered to the motion of the locomotive by the air itself • At any 
Treasonable speed, the locomotive must push its way through the enveloping 
atmosphere and as it does so, must thrust the air out of its path. The air 
Eetuxns the thrust in the form of an opposing force which, at high speeds, 
becomes quite large. 

A second opposing force takes the form shown in Figure 2 . There is friction 
between the axle bearings and the wheels; there is friction between the 
wheels and the track despite the rolling action. Thus friction is the 
second retarding force that must be overcome if the train is to move. 
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Careful measurement of the pull of the locomotive engine 
and the magnitudes of the two retarding forces just 
described discloses that the sum of the opposing forces 
is equal to the force exerted by the engine on the wheels. 
This is graphically illustrated in Figure 3 . Note that 
the engine thrust is directed oppositely to the sum of 
the retarding forces. Hence, the net or unbalanced 
force acting on the train is zero . This leads to the 
conclusion that the train will continue to move with 
unchanging speed as long as there is no unbalanced force 
exerted on it. Thus, it is apparent that the ancient 
belief regarding the naturalness of the rest state is 
incorrect. A state of uniform motion — unchanging 
velocity along a straight path — is just as natural. 
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Although the Italian scientist Galileo recognized the error of the ancient 
logic and proposed a number of ''thought" experiments to show that the con- 
clusions derived therefrom were untenable, it was Isaac Newton who formalized 
the generalization which correctly links these concepts. In his Principia, 
a written work that still is regarded by many as one of the most outstanding 
scientific documents of all time, he states (in Latin) that '*every body 
continues in its state of rest, or of uniform motion in a straight line 
unless it is corapelled to change that state for forc^^ impressed on it." 
This statement, in somewhat more modern garb, is presented in Figure 4 . 

You have probably seen some of the films taken inside space vehicles by U.S. 
astronauts on their way to or from the moon. In these views, you have been 
treated to experiences that the ancients could not possibly have enjoyed. 
A wrench remains floating in the cabin when the astronaut removes his hand. 
From the point of view of the astronaut — as seen by his camera — the 
wrench is at rest. The outside observer, however, is aware that this is 
not true from his viewpoint; he sees the wrench moving with uniform speed, 
keeping pace with the vehicle as it progresses along a straight line between 
the earth and the moon. Particularly when the vehicle reaches the gravity- 
null point between the two bodies, where gravitational effects may be com- 
pletely ignored, the wrench is a body on which the net or unbalanced force 
is really zero yet it continues to move with unchanging velocity. 

A number of important implications of the first law are given in the figures 
that follow. The statement in Figure 5 also implies that zero resultant 
force is the equivalent of no force at all . 

Figure 6 defines by implication the so--called inertial frame of reference. 
The floating wrench appears stationary to the astronaut but appears to be 
moving with uniform velocity as seen by the outside observer. ' This means 
that the concepts of "absolute" motion and "absolute" rest are quite 
meaningless. All motion is relative; motion can be defined only by 
referring to a preselected set of coordinates. 

Newton's First Law embodies the true concept of a "force". Refer to 
Figure 7> Forces do not give rise to or maintain uniform motion; they 
bring about changes in motion . When a body at rest relative to a given 
observer begins to move, he must conclude that a force is acting on the 
body in the direction of the observed motion. When a moving body is 
observed to slow down, he must conclude that a force opposite to its 
direction of motion acts on it. And, finally when a body is observed to 
follow a curved path, he must conclude that a force having a component 
perpendicular to the line of flight t>- -^ ting on the body to cause 

this deviation from a straight path 
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NEWTON »S FIRST LAW 
OF MOTION 



A BODY REMAINS AT REST OR IN 
MOTION WITH UNIFORM VELOCITY 
UNLESS ACTED UPON BY AN 
EXTERNAL, UNBALANCED FORCE 



FIGURE 
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ONCE A BODY HAS BEEN SET IN MOTION 
IT IS NO LONGER NECESSARY TO EXERT 
A FORCE ON IT TO KEEP IT MOVING, 



FIGURE 




THE MOTION OF AN OBJECT CANNOT 
BE SPECIFIED UNLESS THIS MOTION 
CAN BE REFERRED TO SOME OTHER 
BODY, 



FIGURE . \ 



FORCE IS THAT WHICH CHANGES THE 
STATE OF MOTION OF A BODY, 



FIGURE f 7 
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'*iewton's 

Law 



TERMINAL OBUJlCTIVt" 



Ansm^.. .tn^ interpret a variety of natural phenomena 
relent to Newton's First Law of Motion in terms of the 
First Law. 



zum now to page 15A of your STUDY GUIDE 
to toaCinue with your work. 



Newton^ s Firs: L^sh ls speci^irsiEiy concerned jtrh bodies thsm SBPEe 
either at xe^r rnlc tive to tdie cni server, or ±n motion with ■ n^'irnr pi n 
speed i-n a ^''Tii^i-ghz line. Th& first law empasosiz^es that a laaig 
will remain i^rrrBSt if it is tEntionless to ba^^ with, or th^z 
will ma imTg£ ^i-i' iiam^^-^ -oi motion if it is iiiitia£2iy imovlng^ unl^s aeme 
outside ^emrv r.-4^Wf>#j ;le of exerr±ag an uniralaaired force acts:::3n3ir it* 

As might be sirrzn :«£ed, Newfifeon^^s Second law -ifes crib es i:he rslatiLon- 
ships ai a on g — sr-fatectors that ±rrrl uence a bod3r^>^ile it Is dainiging 
speed n-r ^ir^nauii rmt of motiou^ body at resn: gt in motion wtrrrh 
constant rfsnfg^: ocl.^ > straight IrnB is not accelerating; the Tmrament 
acceler ?rr?fTTTr i:!i !tf* the pictnEH, rhe first law no longer a|35sfl±es^ 

(Figure 1) IZamsimr an ordinary -SiJimple peaduJmn swinging jmrrk and 
forth on a frmrtsmless bear±DGig. Throughonit: a single* swia^« say 
from B to C '■• -v'Tj^ drawing, tiae :5B^aEd.ty of the bofc changes? from, 
zero at ^ OTci^CIrn: ilxe maximiBacispBKr: it can have at point ^ Since 
the bob TOsst^niMi^ to rest befcre rresyersing :direxrtion, pointts B and 
C must be pl^a^ unere tiie velocity dus zero; trbroagh the: gffi stance 
from 6 to A, .tnn iawBt pick up speed, :33eac hiTBg: ifw« tm nm at A md slow- 
ing down it>5iwiWrta2r until it xises :s3or pointi: 

The f irsit lesm ^wamU:^ that the unbalffrrrced fnrpn* on the bodyr is zero 
if the veioc^^ti^ of tiffi body ±s constmit. ±his sense, :tDte first 
law defiiiEs S^iims gS' a physical quant±ty nneded to change tfbae 
velocity erf aat ^iir^eat. Since the^^elocity of n:he pendulum 3aob TOries 
continuous!]^ lypffiimgTujut its^ nuDtion, some.3c±nd of unbalanced^ tfacos 
must be adding midx at all times. (Striactly speaking, thegp ife (one 
point in 1±e saeSng: mf a pendulum where the unbalanced f orce ±n tfee 
direction of wafiCSma Is zero and tfaR velocity constant. This jpliat 
lies at the .mm^t point in die sw±ng.) Hewtxm's interest 1^ in 
the relatimgaTtB iie was certain existed between the force ^plied to 
a given body anod tiiise accelerarlon it would; acquire as a reaolt of 
this force. 
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FIGURE (1 



(Elgin^ 2) Uflth the Inti2±tli0a :^Br genius , Sew,t:3ir -^^^ able to 
pkrase ttee relationship ±n zSfe x*fcixy simple terms sbawn j::this figure. 
Tfas first statement is a veg rtor eqaffitticm which i^-^t^^^r rf^-^ the 
acreleration of a body is diirecxly 'praprortional to the in^aaLattced 
force in the direction of tbe fairce^ Clearly, mass Im rhis relation- 
skip is a constant of proportioszality. If the dxxectiorn of tihe un- 
balanced force is constrained aiiong^ the x-sxis of a of 
ccaordlnates (F^) , then the aHCcelfiratioii will occur a^uMtg the x-axis, 
tuna,, so tteat tftie equation m^ be::wEr±tten in scalar fcsnn ^ sbcjwn in 
tte lower expression* Altematiweiy , the scalar equsr^imi: laay be 
used when the unbalaiaced force is applied in the gg iT'*^^ ' ^ ^^ ^gi ^ 'i as 
the body* is already mioving (ox im the opposite dlrectibDnsj SuiiiEie the 
vector signs are unnecessary in this special case,. 

The relatiam F =Tna implies, then, tiat if the force is doubled, 

X X. 

the accelenation wiEL double (nctt Ae velocity) ; if the force is 
T^dtaiiced to 1/3 of ita£ initial -waiue, the acceleratcfeam wOl ga> down 

to 1//3 of its former: ^alue,. Ikl all cases, the ma^ is a g;B M ^ rf to 
naasaain constant. 

IM&xe are many ways tto d^ttO!!as;tr«l?R- the validity of Jfewtoii^?^ 'Second 
TLmu with real moving objects . Oae rather ingnnious TmettasEJ involves 
Si qassi^dss3J^ma carried by an ar^-rii^'n ^pt hn^ - body. 
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CELgure 3) TEiis can dntme witn a toy car dxiveai by 
a s m all fuel-baa&cning JfEt engine. The penmnlum plmjt is 
mouiKted a 9mall immt ^cuxed to t3ie cair* Wxem tiae 
Jiet engine is tumed am, the cax aceelgrates icarc^yiing 
the ipivot with i't;. lowever, since the horizmntalL iorce 
is not ianmprWffftrely ^plieai to the hdbi (of t£e p^mlsihzai^ 
it tasndfi 1^ i^aay I/OiiJiBil oiaKitll it is aoceleanted j&ratr. 
ixstirlrjr "s^: jm' 1 o:f tbe sJiamt^pd string* TH'iiliM^ tte 
at r'Imig ±s a ascgle Tmm%pd tx^ in siich a way t&aatt tbest 
actenEt to whlffiii the Bitx±ng: slants backward cam be r^d 
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(Figure 4) To analyze the motion of a pendulum, it is best 
to start with the. bob hanging straight down as it does when 
the pendulum is at the bottom of its swing or when it is 
motionless as shown. It does reside in the earth's gravita- 
tional field so that it is subject to gravitational accelera- 
tion £. This is the downward acceleration the bob would have 
if the string were cut so that it could not provide the force 
that balances gravitation. 

(Figure 5) Now imagine that the pivot of the pendulum is 
given an acceleration a^ to the right, along the horizontal or 
X-axis. As mentioned previously, the bob will trail behind 
until the string slants enough to produce some angle Q with 
the vertical line dropped from the pivot. As will be shown 
later, as long as the acceleration imparted to the pivot 
remains constant, the angle of slant 0 will also remain constant. 
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(Figure 6) In this figure, the bob is shown to have an 
acceleration a_ in a direction opposite that of the pivot. 
To see why this is done, consider the motion when the 
pivot first begins to move. The bob, with zero horizontal 
force acting on it at this time, remains where it is on the 
X-axis. This means that it is accelerating backward 
relative to a fixed y-axis at the same rate that the pivot 
is accelerating forward relative to the same axis. At the 
instant shown, the bob is subject to two accelerations: 

the downward acceleration due to gravity, and a^ the 
relative acceleration of the bob which, as has been shown, 
is equal in magnitude to the actual acceleration of the 
pivot . 
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(Figure 7 ) In this drawing, the slant angle 0 has been brought 
down into the vector parallelogram. It is immediately obvious 
that the tangent of the angle is a/g, or a = g tan 0. The scale . 
behind the string in the toy apparatus previously described may 
thus be calibrated directly in terms of acceleration. This is 
the procedure when the experiment is actually performed. 

In doing this experiment, certain reasonable assumptions must be 
made. First, it is assumed that the jet engine provides uniform 
force throughout the short displacement of the car over the 
interval of observation. According to Newton's Second Law 
(F = nia^) , the acceleration should also be constant throughout 
the trip under conditions of constant force because mass is 
assumed to remain constant. This is the second assumption; it 
is quite valid for velocities that do not approach that of light. 
Also, the small amount of fuel used during the short trip is taken 
as negligible. With constant acceleration, the slant angle also 
remains constant throughout the motion. If the car is brought to 
an abrupt halt by some obstacle at the finish line, the bob will 
swing over an equal angle, in the forward direction making it 
rather easy to read 0, or the actual magnitude of the acceleration 
from the calibrated scale. 

The entire experiment just described is performed for the purpose 
of determining the acceleration of the car in an easily observable 
manner. The remaining two quantities, the force F and the mass m, 
are readily measured. The force is obtained by connecting a spring 
balance between the car and a rigid support along a horizontal line; 
the jet engine is then fired up as before and the force read directly 
from the balance. An equal arm balance provides the means for 
measuring the mass directly. 
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(Figure 8) The values given In the figure were actually obtained 
when this experiment was performed. An unbalanced force of 0.15 
newtons was measured on the balance. When this force was applied 

2 

to the car, the slant angle Indicated an acceleration of 1.5 m/sec . 
The mass of the car and engine turned out to be very nearly 100 grams 
or 0.10 kg. Thus, even In a crude type of measurement such as this 
It Is evident that the product of the mass In kilograms and the 
acceleration In meters per second per second Is Indeed equal to the 
unbalanced force In newtons. 

Despite Its apparent simplicity, Newton's Second Law still stands 
as one of the greatest triumphs of a great physical scientist — 
perhaps the greatest of all time — Sir Isaac Newton. 
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TERMINAL QMSCTIVES 

3/2 B ^ymMi^e and interpret a variety of natural 
-^t^fi^mrnetiB relavant to Newton's Second Law 
IfB terms nf the Second Law. 



Please turn to page 23A of your STUDY GUIDE 
to continue with your work. 
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This brief discussion of Newton^s law of motiocQ is to be 
based upon a simulated experiment that can be x-eadily 
duplicated with extremely simple equipment. 

The third law has been stated and restated in a mnllriilxide 
of forms. For the purpose of this discussion., txss. form 
gi-ven in Figure 1 will be utilized, 

Wien one analyzes thfe statemerrt-, it is apparent tixat it 
implies the followieg; 

1. A force cavamt exisr alume; forces always come in pairs; 

2. Two bodies are involved ±n the applicaztion of any force; 

3. A force applied by one body, say body A, may be called 
an action. The hoS^ on which the "action" acts is 
anotlier body — botiy B, Body B then applies an equal 
force oppositely directed on body A; this force is 
designated the "reaction". 

The alternative statement; "For every action there is an ffrpiHl 
and opposite reaction'' is acceptable only if onse mentally aflfls the 
fact that "action" applies to one body while "raaction" apcpES:es to 
a second body. 
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Newton's third law may be expressed symbolically as shown in 
Figure 2. In this statement P represents the force considered 
to be the "action" and K represents the "reaction"^ The 
presence of the negative sign before the 'R" specifies the 
oppositeness of the reaction force. 



NEWTON'S m\m LAW 
OF AAOnON 



F = -R 



FIGURE 




The simulated experiment begins with two people, A and B, 
and a spring scale which reads up to about 30 units of 
force. The actual unit used is of no consequence. A holds 
the ring of the balance and B proposes to exert a force 
on the hook thereby causing the balance to indicate the 
magnitude of the force, as shown in Figure 3. 



A says to B, "Let's see you exert a force of 15 units on the 
hook so that the scale dial will read that figure." As B 
starts to pull on the hook, A begins to move toward B — in 
the same direction as the force B is trying to exert — thus 
giving way to B's pull by matching his attempt to pull on 
the hook as in Figure 4. 

With the hook moving toward him as fast as he pulls it, B finds 
that he cannot make the balance giving any reading other than 
zero. Since A permitted the balance to move toward B, there 
was no reaction force against which B could apply his force. 
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On the other hand, if A holds the ring of the balance firmly 
and does not give ground, there will be a reaction against 
which B can exert his force as illustrated in Figure 5. 
In this case, as long as A does not permit the balance to 
move with B's pull, B can make it read anything he likes 
within the capabilities of his physical strength. Note that 
A really does exert a force to the left to hold the scale 
motionless while the force exerted by B can stretch the 
spring and cause the needle to rotate on the dial. 



The experiment thus far has demonstrated the need for force pairs 
in nature. The next part of it proves that these oppositely directed 
forces are indeed equal in magnitude. Referring to Figure 6, two 
identical balances are illustrated, one held by A and the other by 
B. At the instant shown in the diagram, neither person is exerting 
a force, hence both balances read zero. Next, each of the partici- 
pants is told to exert a specific force on the hook he holds in his 
hand: A is told to make his balance read 5 units while B is in- 
structed to cause his to read 15 units. The result? No matter 
how earnestly each of the people tries, he cannot follow his 
instructions. Regardless of the disparity in weight or size of the 
participants, they cannot bring about the scale readings desired. 



The actual result is shown in Figure 7. Both balances give 
identical readings at all times; they quiver, oscillate, 
waver, and jump around as the participants tug and give way, 
but their needles remain in exact synchronization throughout. 
If B pulls harder, his balance reading rises but so does A's; 
if either one relaxes his pull, both readings go down equally. 

Forces exerted this way form an action-reaction pair; at any 
given instant, the two forces must be equal in magnitude but 
opposite in direction. 

A simple experiment like this is most convincing. In particular, 
it shows that forces do indeed come in pairs and that two bodies 
are always involved. The force that A exerts on B must be equal 
in magnitude and opposite in direction to the force exerted by 
B on A. That is , F = ~R. 




Newton's 
3'^ Law 



TERMINAL OBJECTIVES 



3/2 C Analyze aixd ii^.terpret a variety of natural 
phenomena rele:vant to Newton's Third Law 
of Motion in tarms of the Third Law. 



Please turn to page 35A of your STUDY GUIDE 
to continue with your work. 
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The acceleration of a freely-falling body on the surface of the earth is 
roughly 32 ft/sec/sec or 9.8 m/sec/sec. \^en an object is allowed to fall 
freely over even the longest distances normally available in tlie physics 
laboratory, the time of fall is too short to permit measurement with any 
degree of precision using a standard stopwatch. This makes the direct 
measurement" of ^ difficult unless special measuring devices are available. 

The Atwood's machine overcomes this difficulty. Essentially, the machine is 
designed to dilute gravity by a known or readily calculable factor: the 
acceleration of a falling mass is then measured with standard tools and g_ 
calculated with the help of a simple equation which will be derived in this 
discussion. The usefulness of the ^^Lwood's machine may also be extended to 
a study of the forces that govern the behavior of the string-mass-pulley 
system typical of this machine. 

Tlie original Atwood's machine i.s shown in Figure 1. It consists of a 
single pulley, a string, and a pair of masses, either one of which may be 
individually changed. The double-pulley arrangement illustrated in 
Figure 2 is a laboi'atory modification of the original; it is merely some-- 
what more convenient to use but it changes nothing of the Atwood concept. 

Two fundamental assumptions are required to idealize the laboratory equipment: 
(1) the pulleys are f rictionless ; fine ball-bearing pulleys are available so 
that this assumption is very closely approximated; (2) the string is massless 
and inextensible. The use of a special nylon string makes the actual situation 
approach the ideal satisfactorily. 

Suppose that the two masses in Figure 2 are equal. For this condition, the 
system will remain in equilibrium no matter where the masses are placed. 
Since the value of ^ for each mass may be taken to be the same, Newton's Laws 
may be readily applied to explain this result. Consider tlie free-body diagram 
of either mass shown in Figure 3. The weight of this mass acts dow).iward from 
the center of gravity as indicated by the vector arrow pointing downward. A 
second vector arrow pointing upward represents the tension (force) exerted by 
the string on the mass. Its length is equal to that of the weight vector to 
point out that the two forces are equal in magnitude but oppositely directed. 
Tlie resultant vertical force is then zero and the system remains in equilibrium. 

Consider now that a small additional mass is added on one side as in Figure 4. 
l^en the string is released, m^ accelerates downward while m^ accelerates 
upward. Because the same string is attached to both masses, it is justifiable 
to assume that the same tension exists throughout the string. (If the string 
had mass, tliis assumption would not be strictly correct but in this idealized 
situation it is quite accurate.) 
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The free-body diagrams for both masses during the acceleration 
process are given in Figure 5 , Additional mass has been placed 
on the left making m^^ larger than m2. Thus, the weight of m^^, 
that is, m^^g is greater than the tension. The difference 
between m^^g and the tension T represents an unbalanced force 
acting downward on this mass so that it accelerates in this 
direction. The magnitude of the acceleration is, of course, 
given by the second law — F = ma — and is shown as "a** in 
Figure 4 « The unbalanced force is m^^g -T and may be substituted 
for F in the second law equation y:lelding: m^^g - T = ^j^a- The 
mass on the right accelerates upward at the same rate — ogain 
because the string is mass less and inextensible. In this case, 
T is larger than m2g. The second law equation for m2 is, there- 
fore, T - m2g = ^2^' These equations should be studied carefully 
before proceeding since they are key statements. 
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Clearly, T can be eliminated from the equations by adding them 
algebraically. This procedure is demonstrated in Figure 6. The 
7iix7al equation: 

"^1 " ^2 
a = . g 

m^ + 

provides the "dilution factor'' that makes the Atwood's machine so 
useful. This factor is the fractional term on the right side. It 
should be noted that it will be a small proper fraction if m^ is 
t\Ot made much larger than m2. In other words, to achieve a large 
amount of dilution so that a is substantially smaller than ^ and 
tt'.oerefore easily measurable, the weight added to the left side 
should be a small . fractioan, of the initial weight. 

As mentioned previously, the Atwood's machine may also be used to 
demonstrate the relationship between string tension and acceleration. 
To do this, it is first pocessary to r^examne one of the equations 
just developed. Figure 7 repeats this relationship. The "dilution" 
equation above has been substituted for a in T - m^g = m^a . The 
resulting equation then relates tension to mass and ^: the 
acceleration a has dropped out, of course. 

Before t urning to Figure 8 . the student should attempt to simplify 
the expression given as the final step in Figure 7. When this has 
been done, reference may then be made to Figure 8 as a check. This 
equation provides the information that the tension in the string 
during the acceleration process may be determined from twice the 
product of the masses and ^, divided by the sum of the masses. 
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A relatively simple experiment may be set up to verify this 
statement as in Figure 9. A pair of spring balances has been 
inserted in the string as shown. The masses are, say, 1000 
grams each. Since each balance maintains equilibrium with its 
particular hanging mass, first law considerations immediately 
dictate that each balance read 1000 x g. The multiplier is 
inserted merely to keep the units correct; weight should be 
measured in force rather than mass units and, in this case, 
the weight unit should be the gram-centimeter per second per 
second or dyne . Alternatively, the tension may be computed 
from the expression given in Figure 8 by substituting 1000 
grams for each mass and solving for T. This has been done in 
Figure 10. This calculation is equally valid for either mass, 
hence it shows that the tension is the same for both masses. 

In the next step, a mass of 400 grams is added to the left 
side and the string is released while either one or both of 
the balances is observed during the acceleration process. It 
is noted that the reading in either case is 1,170 indicating 
that the tension is 1,170 x g dynes. 
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As a final step, the new mass value is substituted in the 
expression for tension shown in Figure 10, When this is 
done, the result agrees with the simulated experimental 
result just described. The student is requested to make 
the necessary substitutions and see for himself. Should 
he have difficulty in proving this out, he may refer to 
Figure. 11 where the problem has been solved. 

This discussion has attempted to present several thoughts: 

(1) The Atwood's machine is capable of providing 
relatively precise but indirect measurements of ^. 

(2) The Atwood's machine can be used to verify the 
predicted tension in ^ string on which a mass is accelerating. 
In this sense, it also serves to corroborate the first and 
second ].aws of motion within the limits of error of the 
experimental apparatus • 
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TERMINAL OBJECTIVES 

3/3 D Apply the '*free body" approach to 
problem solutions. 



Please turn to page 13A of your STUDY GUIPE 
to continue with your work. 



ILLUSTRATED TEXT 



(1) 



(No Figure) 



Imagine that you are a passenger in an automobile negotiating a sharp right 
turn. You might find yourself tending to slide along the seat toward the 
left. From your point of view, some force of unknown origin appears to act 
on your body to the left, so you invent a suitable name, calling it centrifugal 
force; that is, "centerf leeing*' because it acts outward from the center of the 
circle you are negotiating. All things considered, you can't be blamed for 
doing this: you did feel this force and your body did respond to it and so it 
is very real to you. In actuality you were deceived by considering the motion 
in terms of the frame of reference of the car which is an accelerating reference 
frame, where Newton *s laws may be so simply applied. If you look again at the 
situation through the eyes of an outside stationary observer, he sees that you 
tended to move in a straight line while the car moved along a curved path. 
Therefore, while the car moved to the right, it appeared to its occupant, 
moving with the car, that he was being thrown to the left by a force. For this 
reason, the centripetal force you felt as an occupant of the car is often 
called a f ici ? ious force. 



ILLUSTRATED TEXT 



Fig. 1 



Please turn to Figure 1 where we consider a highly analogous situation to 
demonstrate the fictitious nature of the centrifugal force. 

Here, imagine you are sitting on a chair V7hich someone quickly jerks to your 
right. Here, too, you would feel as though you were falling to the left, 
although no force acts on you in that direction* Here again you might accuse 
a fictitious force of pushing you to the right. 

To help us understand the forces involved in circular motion, let's consider 
other ways by which we could cause the car to take a curved path. 



ILLUSTRATED TEXT 



(3) 



Fig. 2 



In Figure 2 we enlist the aid of a motorized toy car, with wheels fixed in 
the straight-on position, which we place on a tabletop. In order to curve 
its path we could place a fixed pole at the center of the curve and tie a 
string between it and the car. The string then would guide the car around 
the curve, by always pulling it in toward the central pole. The string then 
would be supplying the inward^ centripetal foroe^ needed to curve the path of 
the car, and without which the car itself would drive along a straight line 
at constant speed, v. When we desire to stop curving its path, we merely 
release the string so that the car may now proceed along its present heading - 
a tangent to the curve from the point where the. string: was released. 

The same forces are acting in the case of the real car and its occupants. 
Inertia at any instant, wants the .car and passengers to travel in a straight 
line at constant speed, but an inward force, the reaction to the force of the 
tires against the road, curves the path of the car. The passengers, however, 
must depend on friction against the seat,..to pull them into the same curved 
path . 



ILLUSTRATED TEXT (4) Fig. 3 

Fig. A 

Willie the apparent centrifugal force discussed earlier is fictitious and is 
due to the accelerating reference frame, there really are centrifugal forces 
occurring in this problem. They are the reactions to the centripetal forces 
we find. For instance, in the case of the string guiding the car, it pulls 
the car inward . (centripetally) and at the same time pulls the post outward 
(centrif ugally) . VThile the post is fixed, and therefore docs not undergo an 
an acceleration, the car is free to respond to this force and its path is, 
therefore, curved. 

Countless other examples of circular motion may be observed. In Figure 4 
you can see on^^ wliich is becoming more and more common. 



CENTRIPETAL & CENTRIFUGAL FORCES 
IN CIRCULAR MOTION 
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Fig. 5 



As long as a centripetal force acts, the path of the car and thus its velocity 
changes: that is, the car accelerates centripetally in the direction of the 
force, given by the equation 

2 ^ 

V c 

a = — as shown in Figure o 

Substitution of centripetal acceleration into Newton's Equation of Motion, 
F = ma, we find 

2 

^c - r 
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Subsfifufed info the Equation of Motion 



Yields an Equation for Circular Motion 
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Work When Force 
Varies In Both 
Magnitude & Direction 



Fundamentally, work is a product of a force and a 
displacement. If the force is constant throughout the 
displacement, the problem of determining the work done 
by the force is a simple one. However, since force is 
a vector quantity it may vary in magnitude, direction, 
or both and, should this variation occur during the 
time of the displacement, the task of finding the work 
done naturally becomes more complex. An understanding 
of tlie procedure to be used in calculating work is best 
attained by moving through a series of examples st^^rting 
with the simplest type and gradually introducing the 
possible variations. 



(Figure 1) An inclined plane making an angle of 30° with 

the horizontal carries a block on which a force F acts. 

The plane is to be considered f rictionless , hence, the 

force F produces an acceleration of the block up the incline • 
« 

As a result of the action of F, the block is displaced from 
position; Sj^ to position s^. The problem is to find the 
work done by the force F over the distance from s- to s^. 
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(Figure 2) One way to solve the problem is to plot the 

force against the displacement as shown in Figure 2. The 

force appears on the y-axis which is labeled F to indicate 

s 

that the force acts along the path over which the displace- 
ment occurs — that is, parallel to the incline of the 
plane. Assuming the force to be constant throughout the 
displacement, it is plotted as a straight horizontal line 
parallel to the x-axis from s^^ to Since the total 

displacement is (s^ -^j) > from the basic definition o^ 
work it .s seen that the work done is F (.S2 — a 

scalar product, the force F has therefore aceromp.lished a 
definite amount of work in moving through the distance 

"2 -"r 



(Figure 3) Note the new condition introduced in this drawing. 
The force F is no longer parallel to the plane: instead, it 
is horizontal, making an angle of 30° to the line of the 
incline. The force exerted in this direction would again cause 
the block to accelerate but, as might be anticipated, the 
acceleration would not be as great as it was in the previous 
example for a force of the same magnitude. In this case, only 
the component of F parallel to the plane contributes to the 
acceleration and, of course, this component. is smaller than F 
itself so that one would not expect the acceleration to be as 
great. To determine the work done by F under these changed 
conditions, it is nec^*r^r>ary to calculate the magnitude of the 
component of F parallel to the plane, that is F^ , since only 
this component is involved in the work process. 
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(Figure 4) This is a plot of versus £ once again but here 

F is the component of F parallel to the plane, that is , F = 

' s 

F cos 9. The component perpendicular to the plane does not 
contribute to the work, hence it is omitted from consideration 
altogether. The angle 0 between the applied force and its 
useful component is the same as the angle of incline as is 
easily proved by elementary geometry". With the magnitude of 
F constant and with the angle remaining unchanged throughout 
the displacement, then F cos 0 is also a constant. Once 
again the scalar value of the work is merely the product of the 
useful component of the forc-^. and the displacement or 

W = F cos G (s^-s ) (The area under the curve) 
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(Figure 5) The analytical approach x>y giver. In Figure 5. 

On the first line Is the general "iixpresslon for the work 

W as the Integral from s^ to S2 of F'ds. When this dot 

product Is expanded, the expression given In the second 

line Is obtained In which F cos 0_, Is the component of 

r ,s 

the original force F In the s-directlon. The term ds, 
of course, Is the incremental di^^placement along which 
F Is acting. 

Applying this to the simplest case as discussed above, F 
Is cons tan*: and when It Is parallel to the plane, the 
angle 0 Is zero, hence the cosine of the angle Is unity. 
The constant F may be r^ved to the left of the Integral 
sign, cos 0 dropped, to yield the expression given in 
line 3. The Integral of ds is simply s, so that the 
evaluation proceeds as in lines 4 and 5. Note that this 
exactly the same expression as was formerly obtained by 
using the. area under the F-s curve. 
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(Figure 6) This development Is based on the second example 
In which F Is horizontal rather than parallel to the plane. 
The first two lines are self-explanatory. In the third line, 
F cos © has been moved to the left of the Integral sign 
since both are constant, and the subscript "I" has been 
added to the 9 to Indicate that this Is the angle of the 
Inclined plane. Evaluating the Integral as in lines 4 and 
5, it is seen that the final expression for the work done is 
identical with that which emerged from the geometric 
analysis above. 



F COS0J 1^ ds 
F cos^rSl*" 

F COS©'.(S2- s,) 
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(Figure 7 ) This is the same diagram as in Figure 1, but a 
new element is to be supplied by the reader's imagination. 
Let the force F increase in magnitude at a steady rate as 
the block is moved from s^ to S2. With the force increasing 
in this way, its magnitude is clearly some function of the 
displacement; as a matter of fact, the function must be a 
linear one if the increase occurs at a uniform rate as 
stipulated. This means that the relationship between F at 
any instant of the displacement must be related to the 
displacement by a proportionality constant k. That is, F = 
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(Figure 8)_ When such a varying force is plotted against 
displacement, the graph shown in Figure 8 results. The angle 
made by the applied force is still constant but it may have 
any value at all since F = F cos 9, but the term F has been 
replaced by ks as previously explained since the force is now 
a function of displacement. The graph must be a straight line 
starting at the origin because F must be zero when s is zero, 
and its positive slope indicates that the force increases with 
displacement. 

The student is now earnestly requested to set up the required 
integral for- determining work using the procedural pattern 
shown in Figures 5 and 6 . He is to solve the integral for a 
general expression giving work in terms k, 0, and s without 
looking ahead in the text. Only after this has been attempted 
should he proceed. 
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(Figure 9) The solution to the problem appears in Figure 9. 
It should be checked against the student's approach to verify 
the accuracy of the work or to locate the correct errors. 
Another valuable step at this point in the work is to work out 
the equation by the geometric method involving the determination 
of the area under the curve bounded by s^ and S2 in Figure 8. 
To find the area of the trapezoid, find the area of the base 
rectangle and add to this the area of the remaining triangle. 
When properly handled, this method will yield the same expression 
for work done, or 

W = 2 k cos 9 (s^^ - s^^) 

The final item in this discussion deals with the calculation 
of work when the force varies in both magnitude and direction. 
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(Figure 10) The student must now imagine that F is not only 
growing in magnitude but is also changing in direction in some 
steady manner as the block moves up the plane. To calculate 
the work for a complex action like this, it is necessary to 
know how the components of F vary with position, or to have an 
expression that gives the relationship between the component of 
F parallel to the plane and the displacement itself. One such 
possible relationship would have it that F^, the parallel 
component, is directly proportional to the square of the dis- 
placement or 

'^g " ps^ where p = constant 



(Figure 11) In this figure, (-ps ) has been plotted 
against displacement. The resulting curve is a parabola 
as might have been expected from the equation. Using a 
procedure identical with that of the previous examples, 
the work may be calculated by setting* up and solving the 
proper integral equation. 

The student is again asked to set up this equation and 
evaluate it in general terms before proceeding to the 
conclusion of this text. He may then go on to the next 
figure. 
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(Figure 12 ) This is the general equation required for 

finding the work when the force varies in both magnitude 

2 

and direction according to the relationship = ps . 
The final evaluation expression that should be obtained 
is 




Work When Force 
Varies In Both 
Magnitude & Direction 



TERMINAL OBJECTIVES 

5/1 B Calculate work associated with variable 
forces. 



Please turn to page 26A of your STUDY GUIDE 
to continue with your work* 
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The damage inflicted on one or the other of two objects 
that collide at high relative speed depends to a very 
great extent on the magnitude of the relative velocity. 
Since the physical quantity known as kinetic energy is, 
in turn, a function of velocity, an interrelationship 
between impact damage and kinetic energy exists. It is 
the purpose of this discussion to derive a quantitative 
statement which provides information relative to this 
relationship . 

Approaching the problem from first principles, Nev7ton*s 
second law of motion may be expressed quantitatively in 
the form shown in Figure 1. In the vector equation 
given first, the acceleration term a^ may be replaced by 
the rate of change of velocity dv/dt so that the form 
of the equation obtained becomes F = m dv/dt. This form 
of the second law will be used in this discussion. 

The work done on a body is given by jF*ds (Figure 2), in 
which F is the resultant force acting on a body and ds is 
an element of distance over which the body moves as a 
result of the unbalanced force acting on it. 
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Figure 3 illustrates how the second law and wox"k statement inay be 
combined in a single expi-ession. The force term has been replaced 
VJit.h m dv/dt and the limits of inte^pratJon (from s^ to s^) have bf.'eii 
"fnnc^r Tlio 'Mt" term In the .orcssion shov/n may be considered 

> a J , i'le divisor In the fraction and may, therefore, be shifted 
to a different position as shown in Figure 4. 

The advantage gained by shifting this term is apparent: since 
ds/dt represents the velocity of the body, it is now possible to 
rewrite the equation in the form illustrated in Figure 5. Here, 
the work done on the body is expressed in tenns of mass and velocity, 
the displacement having been eliminated. To accoimnodate the nev: 
form, the limits of integration may nov7 be changed from displacement 
to velocity as indicated in Figure 6. 



TIais integral is quite easy to evalur. . The reader should perfcirm 
this integratioryf or himself before tv "ing to the solution given in 
Figure 7, The integral of mvi'dv is r. /2. With the substitution 
of the limits, the expression finally becomes 

TT 1 ^ TT 1 2 1 2 

Work done = VJ = -;r mv - ■;r mv 
2 2 2 1 

1 2 

The quantity mv is an entity of substantial importance* in physics; 
it is called kinetic energ y. Thus, the statement above may be 
verbalized by saying that the differeiice betV7een initial and final 
kinetic energies of a body is equal to .the work done on the body to 
bring about this change of kinetic energy. This is summarized in 
Figure 8. It is an important result and well worth noting. 



Under the proper conditions, this procer.s is fully 
reversible. That is, if an object already possesses 
kinetic energy it then has the capability of doing 
work; for e.xaiaple, when the kinetic energy of a 
fast-moving automobile is expended in a collision 
with a sturdy tree, work is done on both the tree and 
the automobile. This work generally takes the form of 
a gashed tree-trunk and a demolished car! 

The expression in Figure 8 contains another implication 
that is extremely important both in physics and in our 
daily lives. The kinetic energy of any moving body is 
a function of the square of the velocity. An automobile 
moving at a speed of 20 mi/hr has an easily calculated 
kinetic energy and, consequently, the capability of 
doing a given amount, of damage if it is brought to 
rest in a collision. When the speed is increased to 
40 mi/hr, however, the kinetic energy — hence the 

capability for inflicting damage quadruples . At 

60 mi/hr this capability is 9 times as great as at 
20 mi/hr, and at 80 mi/hr it is 16 times as great ! 
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TERI'IIILAL OBJECTIVES 



5/2 D Answer qualitative questions about Kinetic 
Energy . 



Plfeasffi turn to page 38A of your STUDY GUIDE 
to Jinmtinue '.wjLth your work. 
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Modern buildings of glass and stainless steel embrace 
every modern scientific technique to provide pure air, 
good lighting, many other material comforts. But 
despite the emphasis on the new and the modern, relatively 
primitive methods are still being used to tear down the 
original structures. Perhaps these methods persist 
because they work; perhaps they are economical and fast. 
In any case, it is not uncoimnon to see an ancient wrecking- 
ball crane in action along the streets of New York City. 
(Figure 1) 

The wrecking-ball is not unlike the battering ram used by 
the Romans. It hangs on a steel cable attached to a 
horizontal crane arm. The crane operator gets the ball 
swinging by oscillating the arm and, when the swing is 
wide enough^ he briiigs the arm quickly toward the building 
causing the ball to crash into the wall. Since the ball 
is very massive, it develops an enormous amount of kinetic 
energy . at the instant of impact. If the ball loses most of 
its speed on impact, it:s kinetic energy is largely con- 
verted into physical work. 
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A pile driver is another of the primitive devices 
mentioned above; it is used to drive wood pilings 
into the ground to provide added support for a 
building foundation. (Figure 2) 

It consists of a massive head or hammer that is 
raised to the top of a supporting structure. When 
the head is released and allowed to fall, it strikes 
the top of the pile and comes to rest, exerting 
tremendous force and doing a substantial amount of 
work. 
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The difference between these two sequences should be 
emphasized. In the case of the wrecking ball, the 
operator imparts kinetic energy to the ball through the 
medium of his engine; the operator of the pile driver, 
however, merely causes the ball to be lifted from a low 
position to a higher one. Note that his engine does not 
directly impart kinetic energy to the hammer. On the 
other hand, since the hammer was capable of doing work 
as a result of the efforts of the pile driver engine, 
it is reasonable to conclude that these efforts did 
result in some kind of energy storage in the hammer. 
While in the stationary raised position, the hammer has 
no velocity, hence no kinetic energy. Yet energy has 
been stored in it by virtue of its raised position 
otherwise it could not have done work at a later time. 
Since the hammer has the capacity to do work, it has 
energy . (Figure 3) 

Potential energy is the energy of position or state. 
For the pile driver, position is the important aspect of 
the change that occurred. The work done by the pile 
driver engine is converted to the potential energy of 
position when the hammer is raised to the top of the 
tower structure. 
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POTENTIAL ENERGY 

= Energy of 
Position 
or state 

FIGURE (Z) 
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Potential energy may be stored in other Vays. When a spring is compressed 
or stretched the work done in the process is converted mainly into the 
potential energy of changed state. An arrow drawn back on the bowstring 
changes the state of the bow so that, in bending, it possesses potential 
energy it did not have initially. Explosives have potential energy of 
state, too; in this case, the change of state is chemical in nature. 
Some time in the past an energetic agency like the sun brought about 
changes which have stored explosive power in the resulting compounds. 
The quantitative aspects of potential energy may be approached through an 
example using a spring. (Figure 4) 

The spring shovm in the upper drawing is unloaded, neither compressed nor 
stretched. If the spring is compressed so that its end moves over a 
distance x, the force required for the compression may be given as kx"in 
whiciA k is the spring constant (Hooke's Law). In the diagram, F is 
directed toward the right. As the compression proceeds, an increasing 
force is required to overcome the resistance offered by the elasticity 
of the spring. The magnitude of the force needed to produce a specific 
displacement dx is therefore a function of k itself, hence F is 
variable. Refer to Figure 5 . 

If the displacement of the end of the spring is to be from x^^ to x^f 
then the work required to cause this displacement is given by the integral 
of F dx between the limits x^^ and X2. The vector notation may be dropped 
at this point because the force and the ensuing displacement are in the 
same direction. This is shown in Figure 6 . 

It has already been shown that the applied force may be given as kx, 
hence kx may be substituted for F in the scalar equation as indicated 
in Figure 7. 

The integration may now be performed. The integral of kx dx is 

1/2 kx . Substitution of the limits yields the final expression shown 

in Figure 8 . 

Thus, the work done in compressing a spring |rom one x position to 
another is the difference between the 1/2 kx values for the two positions 
The reader should bear in mind that this equation specifically applies 
to the distortion of a spring, a case where the force required is variable 



Refer to FigsxH 9 . Here is a d^iiiffessst kind of situation in which 
potential enertgy is also involvec Ifflsen a mass is raised to a higher 
position from an initial low posi ^ ever a xsLatively ssiort distance, 
say, one hundred feet or so, the : \ rcs: of grsrcEty that resists this 
action changes so little that the ciira^e ma^r fee ignored withotat ln- 
troducimg significant error. For r ..is J.imx2ted case the force meeded 
to raise the mass against gravity niay fss cnnsidered to remain, constant 
throughout the action. In this diiasgrsn: the mass is shown to iaio^e a 
weight mg close to the surface of the sarth. 

In Figure 10 the weight is shown raised over a distance h to some 
higher position. The force required to raise the mass is equal in 
magnitude to mg, the weight of the body. The work done in this case 
is merely the product of the force and the displacement since the 
force is constant. 

(Figure 11) The work done in raising the mass to the new position must 

result in a change of potential energy equal to mgh. This is a special 

case of a change in gravitational potential energy in contrast with the 

previous example where compression resulted in a change in elastic 

potential energy. These ideas may be summarized as follows: the 

change in potential energy of a body ±s equal to the work done in moving 

the body (initially at rest) from one position or state to a second 

position or state where it is also at rest. You have seen that the force 

of gravity can be considered to be constant when a mass is raised a short 

distance above the earth. But if^ the distance through which the body is 

raised is larga, the gravitational force gradually demreases. For this 

condition, the^ gravitational fiorce must be considered :as variable rather 

f 

than constants 
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For example, suppose a mass m is 1 nrate d a* a height: h^ above the 
earth's surface. It's weight from::a3ie !-» Universal Gravitation 
would then be a function of G, the x=rmstA8c of gravlr ^r l n n, m, and 
M — the mass of the earth — as weE^ aS iLafcr rsadius off the earth R 
and the height h^^, (Figure 12) 

Next, imagine that it is raised to a hss^ht h^ which is con- 
siderably further from the surface ttr^- h^- In this case, the 
weight would be smaller than before .aazc WAmld be given by the relation 
shown in Figure 13 , The work needed znr acccomplish this must now be 
found by integrating F ds between thfc, I tff r tf rs of h^^ and h^. ( Figure 14) 

The correct transition is shown in this Sgure. The force F is 
replaced by its equivalent GmM/(R + ^sid ds is replaced by dh. 

It is left as an exercise for the stuaaer to carry the integration out 
to its conclusion and arrive at a geTwmsd. equation for the work required 
to raise a mass from one level to anotiter w±th respect to the earth 
when the distance involved is sufficieECtly greait... 

Briefly, then, the change in potentlaH sxengy caif a body is equal to the 
work done in moving it from some initio, jcestt: ^siiion to some other 
final rest position. The change in pcStent±ai3L ffiaaergy can be determined 
from the product of the force and the cdisplaceoent in the direction of 
the force if the force is constant , B&ialiy, the change in potential 
energy when the force varies must be fraund iiy integrating all the 
elemental changes in F over the distaiice iiiiMiigli w it must move in 
producing the displacement. 
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OBJECTIVES 



5/2 A Use. tMe concept odE ^Jtential ensergy for 

objects near Hit^ smrface of the Eartii and 
for sfsrlngs. 



Iti«ase twm page 3% of your STU0Y GUIDE 
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Physics has many aspects amd mamy patfiis -to follow if ©ne is to realize 
a well-CTamded txaindLng ±n the suhjedt.. Yet despite its ramifications, 
there airse certain unifying priraciples that one consistently, encounters 
along almost all of ttibe paths. One of thesve certainly is the Principle 
of Conservation of Energy^ This principle iis so fundamental and so far- 
reaching tJiat: the student must make ev?ery effort to understand all of 
its implications and applications, as well as ttiie statement of the prin- 
ciple itself^ The abilitrf to say, "Energy can rneither be created nor 
destroyed but only changieaE in form" does mot signify comprehension nor 
the afcility to solve practical problems in wimldh conservation is involved. 
Only by careful analysis fmHowed by conscieiEttious practice can this 
ability be dfeveli^ed. 

It would be w^ll tto Ibegin ttua aualytticai icreatnnent with a review of some 
comcepts thait haTO besen pxetiTlously initasDcfiiicffifi. Suppose that an external, 
ainbalamced force is allied :to a freeSwnss^/. Ihe work done on the free 
fcody wHl be equal iia aaagmitiide to the rfiaaoge of momentum of the body 
anultiplied by tine disiylarement idue to tite action of the force. Figure 1 
shows why thais sttatemeat is jusitlfifflt. ISfefe total work done on the body 
is the integral of F :dx. Bist farom t&e aaefcaHnd law of motion, it is known 
athat any fcnme may be-^rpfaSLaTOd Iby the cfa^ns^ of momentum it produces. 
Thus., it is ijerfectly^Tvalid to say that th^e Integral of F dx may be re- 
placed by the integral of thie change of mcnnesifitum multiplied by the 
displacement dx. Thins, 



Koswcver, wh^n the right-toessat expression is lujC^rated it becomes A -2 m v , 
'or the chaiflge in icinetic ec«scgy of :the Body to which the force has been 
applied. TChe relationsftiip is givem vp^rbnlly in Figure 2. 



Wark done = I F dx = 
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WORK DONE 
= CHANGE IN 
KINETIC ENERGY 
(free body) 



FIGURE (2 



Next consider a situation in which a force is applied to an object 
which then moves under conditions such that a restoring force 
appears as a result of the motion. When a force is applied to a 
mass in a gravitational field to lift it against the pull of 
gravity, the object will move to a new' position and stay there only 
as long as the original lifting force is present. When the lifting 
force is removed, the restoring force brings the object back to its 
initial position, 

A similar situation exists when the spring of a balance, as in 
Figure 3, is stretched by an external force. As soon as the hook 
of the balance begins to move to the right, the spring begins to 
exert a restoring force that tends to bring the hook back to its 
starting position when the external force disappears, A conq)letely 
analogous action occurs when a spring is compressed by an applied 
force. The work done in compressing a spring is again given by the 
integral of F.dx, Here, F may be replaced by ^2^^ where k is the 
spring constant. Integrating this expression yields 1/2 kx, the 
potential energy of the spring after it has been compressed over a 
distance x from an initially uncompressed state. This is summarized 
in Figures 4 and 5. So it is seen that under certain conditions, the 
work done on a body may become the change in its kinetic energy and 
that under other conditions, the work done may be converted into 
potential energy. 
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Is it possible to set up and analyze a composite situation, 

that is, one in which the work done is partially converted 

into a change in kinetic energy and also partially into a 

change in potential energy? The answer is - yes, it can 

be done quite simply for the conditions shown in Figure 6. 

A mass, securely fastened to the end of a horizontal 

spring, is acted on by a force F to the right. Two things 

a 

happen simultaneously: the mass goes into motion, gaining 
kinetic energy, and the spring begins to exhibit compress ion • 
Suppose that the mass is displaced a distance x in the 
process as indicated in Figure ?• This compression gives 
rise to a restoring force equal to the spring constant k 
multiplied by the compression x. The resultant unbalanced 
force on the mass must therefore be the difference between 
the applied force and the restoring force or F^ - kx. This 
is summarized in Figure 8. The student should pause at 
this point and contemplate the implications of the 
development thus far* 
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A free-body diagram is next in view in Figure 9, The tnass 

on the end of the spring is acted upon by F , the applied 

a 

force, to the right and by the restoring force kx to the 

left. The difference between these two forces is the 

resultant force on the mass. The external work done by the 

agency that supplies the force F is the integral of F dx 

a 

as before; in compressing the spring, this agency con- 
tributes to the potential energy of the spring, this 
potential energy being the integral of kx dx, of course. 
This is su'junarized in Figure 10. 

What, then, is the action of the resultant force F^ - kx? 

The kinetic energy of the system must change as a result of 

this action . Mathematically expressed, the situation may be 

described as shown in Figure 11. Descriptively, this means 

that the external work done by the agency that applies the 

force F is converted into both potential energy of com- 
a 

pression and also into a change of kinetic energy of the mass. 
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A BK= I kx dx 
AKE.= J {Fa-kx]dx 
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The "bar graphs" in Figure 12 express this result graphically. The sum 
of the energy changes in the system must be equal to the total energy 
change in the system. In the most general terms, when external work is 
done on a body in any system there may be a change in the potential 
energy of the system or in the kinetic energy of the system or in both. 
In any event, regardless of the alternatives that are followed, the 
external work done must equal the total energy change of the system* 

Figure 13 indicates a state of affairs which may at first appear 
trivial but which most assuredly is not. If no external work is done 
on a system, the change in total energy in the system is also zero. 
But this does not mean that neither the potential energy nor the 
kinetic energy has changed. It merely means that, whatever changes do 
occur when the work done on the system is zero, these changes must com- 
pensate for one another. Refer to Figure 14. If there is a positive 
change (increase) in kinetic energy, then there will be an equal 
negative change (decrease) in potential energy if the work done is 
zero. 

This is the essence of the Law of Conservation of Energy. In part, It 
states that the total work done on a system must be equal to the 
algebraic sum of the enery changes that occur in the system as a result 
of this work. This is often called the "work-energy theorem". A second 
implication is that, even when no work is done on a system by an outside 
agency, there may still be changes in potential and kinetic energy but 
that these changes are compensatory. What is gained in one form is 
lost in another. Energy cannot be created nor destroyed but only 
changed in form. 
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TERMINAL OBJECTIVES 



5/2 C Answer questions pertaining to the statement 
of conservatjton of energy. 

5/3 B Apply conservation of energy to a simple pendulum. 

5/3 C Demonstrate a knawQiedgeL iOcE specif ies required for 
the application of ttaie GoniESBrvation of Energy 
theorem. 



Please turn to page 34A of your STUDY GUIDE 
to continue with your work. 
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(1) 



Tiae center osf mass of an object may described as that single point at 
vh±csL all laf its nnass appears to act. For an object of uniform dcmsity 
iiHving some regular shape, such as a stolid wooden ball, its center of 
ozsass is teasxly lo canted to be at the ^asometric center, as you can see ±n 
Figure . Finding the location of the center of mass for a hollow 
rubber b. ill is no more difficult — it too is at the geometric center, 
even though none of the actual mass of the ball is located at that very 
point. 

Many objects, having either regular or irregular shapes, have centers of 
mass located in space — =prpbably the chair you are sitting on at ttiis 
moment or the cup or glass you used this morning are good exampJLes to 
consider. For these objects, the censter af mass acts in every way jusd 
as ±t does for one iraving a center of inass within the mediiam itself — as 
with the solid. faalX. 
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(2) 



Fig. 2 



The concept of center of laass can be a powerful tool in the study of 
motion, since all rigid bodies, regardless of shape, volume, or density, 
can be considered to be point masses acteti upon by external forces, 
thereby simplifying the application of lewton's laws of motion. 

A task that at first seems difficult is the analysis of the motion of 
a body when internal forces are also acting. Let's see what effect, 
if any, they might ha^e. liis) do this, Let" g examine the effect of an 
explosion om the center lOf mass of a sysctam Gumsisting of two equal 
masses. In Figure 2, ycni see two identical cars about to be exploded 
apart by a compressed spring Before the explosion, the center of mass 
of the systesn is midway betvreen the cars, tihen the explosion occurs, 
each car receives an equal, brat opposite force to the other, for the 
same period of time, giving &sdk similar accdfcerrations. But at any time 
the center ©f mass of the system can be :f'CRm± to be at the same point, 
unaffected by the explosion^ 
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Fig. 3 



You may well ask, what would have happened if two unequal masses were 
chosen? Let's repeat the explosion, this time with unequal cars; say 
they have a mass ratio between them of 1:2. Once again the explosion 
will apply equal and opposite forces on the cars, but this time one car, 
the lighter one, will accelerate at twice that of the heavy car, thereby 
moving twice as far in equal time. Consequently, the center of mass of 
the system remains in the same position, unaffected by internal forces 
as you can see by examining Figure 3. As a matter of fact, even if the 
two cars have some initial velocity while linked together, their center 
of mass would continue to move at that velocity even after the explosion 
occurs . 
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Fig, 4 



Before closing, ler's apply these principles to some typical motion 
problem, A good one to consider would be the motion of an explodable 
ball as it moves in a parabolic trajectory. Here, in Figure 4, the ball 
is subjected to some initial accelerating force, and a constant gravita- 
tion force, both acting externally, as well as an internal explosive force. 

Before the explosion the ball travels intact along a parabolic path 
governed by the effects of its initial velocity and gravitation. The 
ball is then exploded into fragments, each moving away from the center 
of gravity at a rate dependent upon the explosive force and its size, 
and each still is affected by the initial velocity and gravitation. 
Since the explosive internal force has been shown to have no effect on 

the center of gravity, its motion continues' along the parabolic trajectory 

I 

as though the ball had remained intact. 
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As a fundamental physical principle, conservation of momentum ranks 
among the most important; in many situations its usefulness exceeds 
that of even the principle of conservation of energy. This is 
especially true of collisions between moving objects because there 
is little about such collisions that cannot be predicted or explained 
with the aid of the principle of conservation of momentum. 

Figure 1 diagrairanatically depicts two bodies, A and B, the first 
having a mass of m^ and the other a mass of m^. Body A is moving 
toward the right with a velocity "v^ while body B, also moving from 
left to right, has a velocity v^. Velocity v^ is larger in magnitude 
than velocity v^ as indicated by the relative lengths of the vector 
arrows for each quantity. Given sufficient time, body A will close 
the separation between the two and will eventually collide with body 
B. This event is illustrated in Figure 2. 

Assuming that the bodies do not adhere to one another, they will 
separate after the collision and move off with velocities that 
will in most cases differ from the initial values. The velocities 
subsequent to collision are symbolized in the diagram shown in 
Figure 3 as v. , and v , respectively. 



Regardless of the nature of the collision, that is whether it 
occurs between elastic or inelastic bodies or between hard or 
soft bodies, the objects will be in contact with one another 
for a definite time interval. In Figure 4, the force that 
body A exerts on body B — T — is plotted against time. At 
the. instant that body A overtakes body B and first contact is 
established, the force will start to rise from zero. About 
half-way through the contact interval, the force will have 
risen to a peak and then, as separation or rebound begins, the 
force will diminish until it vanishes entirely as separation 
becomes complete. A collision, therefore, involves a varying 
force acting over a definite time. 

For a constant force, the impulse is given as FAt- When the 
force varies from instant to instant as it does in this 
example, the impulse can be determined most easily by integrat- 
ing all the FAt products under the curve. Thus, as indicated 
in Figure 4, the impulse is the integral of T.dt between the 
limits extending from zero time (first contact) to the time 
when separation is completed. This integral is the equivalent 
of the area under the curve in Figure 4. 

Since this interaction is typical of the kind of phenomenon to 
which Newton's Third Law rigorously applies, it is possible to 
state immediately that the force exerted on body A body B 
is identical in instantaneous magnitude with F throughout the 
interval but, of course, is oppositely directea. Furthermore, 
since the time of interaction is the same for f^^^ and the re- 
action force, then the impulse of B on A must equal the impulse 
of A on B. This is shown graphically in Figure 5, and a verbal 
statement is given in Figuro 6. The negative sign is inserted 
on the right side of the statement because this is a con- 
venient way to indicate the "oppositeness" of direction. 
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The impulse acting on a body is equal to its change 
of momentum. Hence, the statement of Figure 6 is 
equally valid when written as shown in Figure 7. The 
impulse applied to B becomes the change in momentum 
of B; the impulse on A becomes the (negative) change 
in momentum of A. Alternatively, whatever momentum 
is acquired by B is lost by A, or vice versa. In any 
of these statements, the negative sign may be shifted 
from one side to the other without altering the 
significance of the statement. Finally, as in 
Figure 8, the implication may be succinctly stated: 
there is no change in momentum or momentum is conserved. 
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In the preceding development, no attempt was made to specify the 
nature of the colliding bodies, their masses, their initial velocities, 
or the nature of the collision — whether elastic or inelastic. The 
application of the third law to any type of collision between any two 
bodies confirms that momentum is always conserved. (It should be 
noted here that this discussion has been limited to head-on collisions 
and that the third law, as applied, was also limited in this respect. 
It will be shown, however, that this limitation is not required; the 
collision may be of any variety — momentum is still conserved.) The 
principle of conservation of momentum is one of the ultimate truths 
of Nature. 

The general approach to the solution of conservation of momentum 
problems is quite straightforward. Starting with the conditions 
shown in Figure 9, the sequence of two colliding bodies before impact, 
during impact, and soon after impact, one may write a relationship 
that expresses the conservation principle in a step-by-step procedure 
like this: 

1. Write the total momentum of the system before collision 
as the sum of the individual momenta of the bodies as 

To be strictly correct, the velocities should be indicated as vectors, 

2. Write the total momentum of the system after collision as 
the sum of the individual momenta of the bodies after the interaction 
has occurred as: 

3. And finally since the sums must be equal before and after 
collision, equate the two sums as shown in Figure IQ. When using this 
single equation in problem work, only one unknown, of course, is 
permissible. 
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CONSERVATION 
OF 

MOMENTUM 



TERMIKAL OBJECTIVES 

6/2 B Solve momentum problems involving bodies with 
variable mass , 

6/2 C Analyze situations and phenomena in which momentum 
is a significant factor- 



Please turn to Page 21A of your STUDY GUIDE 
to continue with your work. 



IMPULSE 
AND 
MOMENTUM 



The purpose of this exposition is to define the terms 
impulse and momentum as they are used in physics, and 
establish the relationship between them. 

As a brief review, it is perhaps wise to reexamine the 
connection between force, displacement, and work for 
the event illustrated in Figure 1. A force is 
applied to a body resting on a horizontal, frictionless 
table. As a result of the application of the unbalanced 
force F, the body is displaced through a distance x« 
The work done on the body, F*x is thereby converted to 
the energy of motion or kinetic energy and, in accordance 
with the Work-Energy Theorem, the work done on the body 
is equal to the change of kinetic energy that the body 
undergoes . 

A somewhat different aspect of this event involves the 
measurement of time to establish the interval over which 
the motion takes place. See Figure 2.* In this approach, 
the displacement is ignored; the time interval from one 
position to the next denotes the interval over which the 
force acts on the body . 
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From the analytical point of view, a rather direct attack 
can be made on the problem by using Newton's Second Law. 
As in Figure 3, the second law may be written by vector 
form as a relationship between force, mass, and 
acceleration. Then acceleration is redefined as dv/dt for 
convenience and substituted for it in the expression as 
shown. 

Assuming next that the force is to be applied for a short 
time interval dt, as illustrated in Figure 4, the product 
F*dt is formed on the left side making it necessary to 
multiply the right side by dt to maintain the equality. 
The dt's then drop out leaving the expression given in 
Figure 5. 

Clearly the equation is in vector form because the quantity 
dv is a vector. In dealing with work and energy, the con- 
cepts obviously lead to a scalar equation; in the develop- 
ment of impulse and momentum it is just as obvious that 
vector equations will appear. ' 
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To find the resultant effect of applying an unbalanced force over a 
given time, it is necessary to integrate F-dt over this interval. 
The left member of the expression in Figure 6 shows how this is 
written. In the same equation, the right, member has been written 
to show that the change in momentum must be integrated between the 
limits v^ and v^. These velocities represent the range of variation 
of the velocity of the body over the time interval t^ to t^, 
of course. 

In order to integrate the left member, the precise dependence of 
force on time must be known and, since it is not known, this member 
is left as an unperformed integral. The right member, however, may 
be readily integrated in its present form. 

This operation is given in Figure 7. The integral of m.dv between 
the limits v^ and v^ is simply mv^-mv^ as shown. The student is 
urged to verify this before proceeding. 

The right member now expresses a change of momentum ; the differ- 
ence between the initial momentum mv^ and the final momentum ^'^2* 
The integral of F dt from t^ to is called the impulse of the 
force. The equation as it now stands is a concise mathematical 
statement of what has come to be called the impulse-momentum 
theorem . Figure 8, then, presents the complete sequence which 
terminates in the impulse-momentum theorem: IMPULSE = CHANGE IN 
MOMENTUM. Expanding on this somewhat, it can be restated that 
the impulse of an unbalanced force applied to a body is always 
equal to the change in momentum that this impulse produces. 
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It would be fruitful to work on a specific problem 
dealing with impulse and momentum at this juncture. 
In Figure 9 is depicted an ordinary carpenter's 
hammer striking a nail which is to be driven into a 
block of wood. Although most people intuitively 
understand why this process can be successfully per- 
formed, an analytical approach to this problem is not 
difficult and can be quite illuminating. Figure 10 
presents some reasonable figures for the mass or 
weight of the hammer and its impact velocity in the 
hands of an ordinary* man. 
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Assuming that the hammer comes to rest after striking the r>ail, 
what force does it exert during impact? This problem lends 
itself to solution by the impulse-momentum theorem. The in- 
formation in Figure 11 should now be reviewed. First there is 
a statement of the impulse-momentum theorem; second, the 
weight of the hammer — 5 lb.* — is converted into mass by 
dividing the weight by g. This is derived from the second law 
equation w = mg, so m = w/g; third, the initial velocity of 
the hammer is given as v^; and fourth, the final velocity of 
the hammer is given as zero since the hammer is assumed to 
stop moving upon impact. 

Figure 12 contains the statement that .the change in momentum, or 
mv2- mv^, is 5/32 slug multiplied by 44 ft/sec, using the given 
data; The next requirement is to find out something about the 
impulse of the hammer on the head of the nail. Figure 13 gives 
these details: impulse is the product of force and time but in 
this case it must be recognized that the hammer applies some 

/erage force to the nail through the interval of contact. 
Assuming that the hammer remains in contact with the nail for 
1/100 second, then the impulse is the average force F x 1/100. 
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The last sequence of steps in the solution of tne, problem 
appears in Figure 14. In the first step, impulse (F x 1/100) 
is set equal to the change in momentum (5/32 x 44). Solving 
for the average force F, the result is approximately 687 lb. 
or 1/3 ton. 

The student should consider how a 5-lb . hammer can exert 
so large an average force on the nail. A little thought 
should show that this large force is obtained by giving 
the hammer a large momentum through the medium of a very 
large impact velocity. Then, since the contact time is so 
short, the resulting large impulse must yield a correspond- 
ingly large force. 
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IMPULSE 
AND 
MOMENTUM 



TERMINAL OBJECTIVES 

6/2 A Solve momentum problems involving bodies with 
constant mass , 

6/3 A Analyze situations which involve net impulsive 
forces acting on bodies of constant mass. 



Please turn to page 31A of your STUDY GUIDE 
to continue with your work. 
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Collisions 



In an isolated system involving two or more bodies which interact with 
one another, the momentum at any instant is the same as it is at every 
other instant regardless of the number of kinds of interactions that 
occur. An isolated system is one in which no external forces act to 
change the momentum of any of the bodies within the system. Essentially, 
this is a statement of the principle of conservation of momentum. From 
a purely theoretical point of view, it is readily seen why momentum 
mus.t be conserved. Selecting a simple case, that of a collision between 
two bodies in an isolated system, the forces that act on each body during 
the collision must be equal and opposite (Third Law) and, since the time 
of impact is also the same, then equal impulses act on both bodies. 
Impulse is equal to change of momentum, hence the change of momentum of 
each body involved in the collision must also be the same. It should 

be noted that the kind of collision that occurs elastic, inelastic, 

or a combination does not affect the validity of the momentum con- 
servation principle. 

Kinetic energy on the other hand is not necessarily conserved in all 
collisions. Normally a collision is accompanied by the development of 
sound and heat; these are lost to the system so ):hat the total energy 
content after the collision must be less than it was initia.My. A 
collision in which kinetic energy is_ conserved may be closely approx- 
imated, however, with the proper kind of apparatus. Such a collision 
is termed perfectly elastic . At the other extreme in which the kinetic 
energy content of the system is zero after the collision is the perfect- 
ly inelastic collision. Most real collisions are partly elastic and . 
partly inelastic. To study a close approach to a perfectly elastic 
collision, an air track is usually utilized. 

(Figure 1) This piece of equipment consists of a hollow, triangular 
cross-section rail that may be several meters long. Air from a compres- 
sor is forced into the hollow section and emerges from a large number of 
very fine holes in the sloping sides. A close-fitting glider when 
placed on the rail is lifted very slightly so that it rides on a thin 
layer of air. The friction is thereby reduced to a negligible value. 
When two such gliders, equipped with flexible, soft springs, are allowed 
to collide, it is found that kinetic energy is essentially conserved, 
hence the collision is very nearly perfectly elastic. In the sample 
shown in the figure, there are two gliders of exactly equal mass m 
on the rail. For simplicity, it is assumed that glider 2 is at rest 
while glider 1 is set in motion toward it from left to right with a 
velocity u- , 
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(Figure 2) These are the symbols to be used in this discussion. 

Since glider 2 is at rest, its velocity before collision u^ is taken 
as zero. ITie velocities of glider 1 and glider 2 after the collision 
are respectively v- and v^ , 



(Figure 3) To write the equation that expresses conservation of mom- 
entum for the type of collision described, it is first necessary to 
write the total momentum of the system before the collision. As 
shown in Figure 3, the total system momentum before the collision 
is mu^, that is the product of the mass of glider 1 and its velocity. 
Since glider 2 was initially' at rest, it has no momentum and hence 
need not appear in the terms in front of the equals sign to be written 
in the equation. The system momentum after the collision is mv- + mv^ 
the sum of the momenta of the individual gliders.' Note that the as- 
sumption is made that glider 2 is set in motion as a result of the 
impact with a velocity and that the velocity of glider 1 changes 
from u to V , also as a result of the collision. 



(Figure 4) The first equation in Figure 4 is merely a statement of 
the fact that momentum is conserved since the total momentum before 
the collision has been equated with the total momentum after the col- 
lision. Since the gliders have the same mass, the factor m is the 
same for all terms and may be eliminated by dividing through as shown- 
in the second equation. Verbally, the second equation states that 
the algebraic sum of the velocities after the collision is equal to 
the velocity of glider 1 before the collision. The next thing to be 
considered are the kinetic energies of the gliders before and after 
^.he collision. 



m = mass of each glider 
velocity of glider 1 BEFORE collision 
velocity of glider 2 BEFORE collision 0 
velocity of glider 1 AFTER collision 
velocity of glider 2 AFTER collision 
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Before collision the system momentum ^ mu^ 
After the collision, the system momentum = mv^ + mv 

FIGURE 




mu^ ^ mVj^ + mv^ and dividing by m 
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(Figure 5) In general, the kinetic energy of a moving mass m 
having a velocity v is 1/2 mv . Thus, the kinetic energy of glider 1 
before the collision is 1/2 mu^ and the total kinetic energy after 
the collision is 1/2 mv2 H- 1/2 mv^. If the collision is perfectly 
elastic, then kinetic energy is conserved so that it may be expressed 
as shown in the top equation. Here again, m is the same throughout 
and may be eliminated to yield the second equation. 

(Figure 6) These are the two final expressions previously obtained, 
the first from the principle of conservation of momentum and the second 
from the principle of conservation of kinetic energy, both based upon 
the same collision . This point cannot be overemphasized. Since both 
equations are perfectly valid, it must be concluded that the change of 
velocity of each body in an elastic collision must be such as to satisfy 
two separate conditions simultaneously : (1) the sum of the final 
velocities must equal the initial velocity and (2) the square of the 
initial velocity must equal the sum of the squares of the final veloc 
ities . 



(Figure 7) The implication of this double-barreled requirement is 
most easily seen by combining the two equations as shown here. The 
linear equation is first squared and then one equation is subtracted 
from the other. The result is obtained that twice the product of the 
final velocities must be equal to zero. This further implies that any 
one of the following possibilities may have occurred: 

(1) Possibly .v^= 0, This would be the case only if glider 1 
stopped in its tracks immediately upon impact. When the experiment 
is perfored it is found that this is indeed the case: glider 1 stops 
dead while glider 2 goes off with the same velocity that glider 1 had 
before collision. 

(2) Possibly V2 = 0 , This could happen if glider 1 missed 
glider 2 altogether so that no collision occurred, 

(3) Possibly both v^ and V2 are both zero. This is not a 
real possibility because it is known that u^ was a real velocity at 
the start of the collision and clearly 

^ 0 0 



Hence, (3) is not to be considered. 
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(Figure 8) Observe how this simple statement shows that if the 
velocity of glider 1 after the collision (v- = 0) is zero, then 
the velocity of glider 2 after the collision must be the same as 
the velocity of glider ' -^-e impact just as was stated above. 



(Figure 9) Here again, the substitutions indicate what happens 
if the velocity of glider 2 after the collision is zero (v = 0). 
It turns out that u^ = v^ which merely means that glider 1 does 
not change its velocity at all, having missed impact with glider 2. 

As a final step in this discussion, the student is asked to use 
similar reasoning to determine for himself what would happen if 
the two g-llders became firmly linked together when the collision 
occurs. Assume that the springs on the gliders are replaced by 
magnets; glider 2 is at rest and a collision occurs when glider 
1 is moving with velocity u^; the gliders stick to one another 
and move off after the collision with some velocity v. It must 
be remembered that this is an inelastic collision so that kinetic 
energy is not conserved. 



Unless the answer given below results, an error has been made in 
either concept or mathematics or both. 
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COLLISIONS 



TERMINAL OBJECTIVES 



7/1 A Analyze a two-body collision problem in terms 
of the impulse mentum theorem. 

7/1 C Apply the principle of conservation of momentum 
to the solution of problems involving inelastic 
collision. 
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The subject of gravitation and the Cavendish apparatus used to 
determine the value of G is thoroughly discussed in most college 
texts. The objective of this paper is a matter of highlighting 
aspects of the Law of Universal Gravitation which often cause 
confusion, and enriching the text material by adopting a some- 
what different T'^int of view. 

(Figure 1 ) Students often are guilty of paying too little 
attention to the rigorous implications of the verbal statement of 
the Law of Universal Gravitation and its mathematical counterpart. 
The word "object" implies a real body having definite dimensions 
and mass. How does one measure the distance between such bodies? 
If the object is perfectly symmetrical,, the distance £ is measured 
between geometric centers but when any degree of asymmetry exists, 
the measurement must be taken between the centers of mass of the 
respective objects. It should be observed the statement refers to 
mass, not weight, and the proper units must be employed if numerical 
results are to be meaningful. To use the law with MKS units, the 
masses must be expressed in kilograms and the distance of separation 
in meters; the force of gravitation £ will then come out in nev;tons. 

The symbol "G" represents the constant of proportionality and is 
^^nerally referred to as the "constant of universal gravitation". 
It muct not be confused with "g", the symbol for gravitational 
acceleration. While "g" is not a constant at all since it /aries 
from place to place even on our own planet, G is a universal constant 
it has the same value regardless of the observer's location in the 
universe. 



"Every object in the universe 
attracts every other object with 
a force that is directly propor- 
tional to the product of their 
masses and inversely proportional 
to the square of the distance 
between their centers" 
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(Figure 2) Students are sometimes puzzled by the fact that G has very 
specific units of its own, and is certainly not unity while proportion- 
ality constants in other equations are dlmensionless and are assigned a 
value of one. For example, in the development of Newton's Second Law, 
it is first stated that F is directly proportional to the product of m 
anr! a using the proportionality symbol as shown. The proportionality 
symbol is then replaced by an equals sign after inserting the constant 
of proportionality k.. Finally, units are assigned to m and a^ (in MKS, 
kg and m/sec respectively, Ic is allowed to equal unity and be dimension- 
less, and the resulting force F made to assume the unit obtained from the 
product of m and a) . In MKS unit^ this product unit is. kilogram-meters 
per second per second or kg*m/sec which is ^e-named the new ton . Thus 
the newton is uniquely defined as a kg*m/sec and cannot henceforth be 
defined in any other way . 

If a value of 1 kg is ubstituted for each of the two masses m^ and m^ 
and a distance of 1 meter for r in the gravitational equation 



the force F does noL turn out to be 1 newton, neither numerically nor 
dimensional ly. lis indicates that the numerical value of G cannot be 
unity, nor can -^e dimensionless . The question then arises as to how 
one may determine the value of G. 



(Figure 3) Can G be mathematically evaluated? When the gravitational 
equation is solved for G it takes the fom shown in the figure. This 
is of little help mathematically because the force F is still an un- 
known despite the fact that the masses and the separation may be readily 
established. Evidently, it is necessary to determine G by experimental 
methods since the force F must be measured before G can be. numerically 
evaluated. For masses normally encountered in the laboratory, F is 
extremely minute in magnitude. The apparatus required to measure it, 
therefore, must.be correspondingly sensitive. For example, the 
gravitational force between two 10-g masses separated by as little as 
0.1 meter is less than one-billionth of a newton! 
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ink! lograms , a i s 
i n m/sec and F is 
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(Figure 4) This is a schematic diagram of the apparatus used by Henry 
Cavendish in 1798 to measure the value of Gc It is a torsional balance 
of great sensitivity. Two spherical masses m^ and m^ at the ends of 
the cross-bar of a rigid T-frame are free to move when a force is applied 
to either or both if this force has a component at right angles to the 
cross-bar. Mounted on the vertical leg of the frame is a light mirror, 
the assembly being supported in space by a fine quartz thread or a 
metallic ribbon. Two massive spheres, usually of lead, are placed near 
the masses at the endtj of the cross-bar (m^ and ^2^* ^® entire system 
is then given time to stabilize and come to complete rest. At this 
point, the light source is adjusted so that its beam is reflected from 
the mirror to the scale; the scale reading is recorded. It should be 
clear that this assembly constitutes an optical lever which magnifies 
even a tiny deflection of the mirror so that it is readily measurable 
on the scale. The two large masses (m2) are now in position one. 

Very, very carefully the m2 masses are theti moved into their respective 
second positions. This reverses the torque applied to the cross-bar 
since the gravitational force due to the attraction of each m^ and its 
corresponding m2 has been reversed in direction. The cross-bar begins 
to twist on the suspension and, as might be expected, overshoots its 
ultimate final position so that it go*^s into damped oscillation like a 
torsional pendulum. The time required for uihe system to stabilize once 
more may be as long as two hours in a typical laboratory set-up. Once 
it has again come to complete rest, the angle of twist is easily , 
measured by observing the new position of the light spot and utilizing 
the geometry of the system. 
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(Figure 5) The relationship between G and the other relevant 
quantities is shown in this equation. Its derivation is not 
particularly difficult but it is baaed on information that the 
student has not yet had so that it will be passed over at this 
point. The symbol "k" represents the torsional constant of the 
thread or ribbon and is experimentally found by methods that do 
not involve gravity or gravitational forces. The symbol "L" 
stands for the length of the cross-bar measured between centers 
of gravity of m^ masses. With all of the quantities now known 
or measurable, the numerical value of G may now be obtained^ 

(Figure 6) Clearly G is not dimensionless as this development 

indicates. The student should check the substitutions shown 

2 2 

carefully. The unit for k is the kg -m /sec ; for 9 it is the 

2 2 
radian (dimensionless); for r it is the meter ; for m^ and 

m2 it is the kg; and for L it is the meter. The student is also 

asked to show why these substitutions result in a final unit for 

2 2 

G equal to the nt*m /kg . 

As a final suggestion, the student is asked to substitute this 
unit for G into the equation 

m- m^ 

F = G 

r 

to show that the force of gravitation F does turn out to be measur 
able in newtons. 



k e 

G = - 



where: k = tors i onal constant of 

suspension thread 

e=angle of twist 

r = distance from center 
of to center of trij 

L=length of horizontal bar 
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GRAVITATION 



TERMINAL OBJECTIVES 



8/1 A Analyze gravitational force actions 
between two particles in terms of 
the gravitational field. 
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CALCULATION OF E 
FOR AN INFINITE 
UNIFORMLY 
CHARGED WIRE 





At this point in his studies, the reader should be cognizant 
of the importance of being able to determine the electric field due 
to any distribution of charge. It is not unusual for this to be a 
fairly difficult problem. To the contrary, however, if the charge 
distribution has a high degree of symmetry, the problem may be 
substantially simplified. 

In the following material, an idealized case with a very high 

degree of symmetry will be presented; that is, an infinite wire with 

its charge uniformly distributed over its length. This is the same 

as saying that the charge per unit length is constant over the wire. 

The reader should keep in mind that there are two salient 
points to his study of this problem. Firstly, the result to be 
obtained has its own intrinsic importance. Secondly, but of equal 
importance is the fact that this problem will give the reader an 
excellent example of the applications of the integral calculus to 
the solution of practical problems of physics. 

In general terms, the procedure in solving this problem will 
be to determine the electric field contribution from an infinitesmal 
element of charge. Upon doing that, a summation will be taken over 
all the elements of charge. This sutranation will require the use of 
the integral calculus. 

First, a general over view of the organization of the problem 
will be^^giyen. Following that, the solution will be shown in con- 
siderable detail. 



In Figure 1, an infinite wire is represented by the vertical 
line. The solution of the problem will involve calculating the 
electric field E at point P due to the charge on the wire. It is 
assumed that the charge on the wire is positive. The line a^ represents 
the perpendicular distance from the point P to the wire. Vertical 
distances along the wire will be measured by the variable ^. The 
origin of measurements along 2. will be the foot of point P, that is 
the point at which the line a_ forms a right angle with the wire. 

Now, if along the distance ^, there is an element of length dy, 
this element will carry a charge. Since the charge is linear over the 
wire, a linear charge density A is defined. A will then be equal to 
the charge per unit length of wire. Hence, the total charge on a 
section of wire will be given by the product of the linear charge 
density A and the length of wire being considered. Thus, the charge 
along the element of length dy is A dy. 

Going back to Figure 1, note that £ represents the distance from 
the element of length dy to the point P. Also shown in Figure 1 is the 
angle 0, (which is the angle between a^ and _r ) , and d^ 0 which is the 
angle substended by the element of length at the point P. These are 
the important variables and constants in the problem. 

At this point, the reader should study the presentation above 
very carefully! 



The following discussion r^evolves around Figure 2. 



For a point charge, d^ E at a point is given by 



0 X 



where £ is a unit vector from dy in the direction of P. 

The next stev> is to consider the symmetry of the problem. 
The following discussion will center about Figure 3. 

Consider elements of length dy that are both above and 
below the foot of perpendicular a_. Each of these elements of 
length will contribute to the electric field at point P. If 
one takes components of d_ E both parallel to and perpendicular 
to the wire, one sees that the components of E parallel to the 
wire are of equal magnitude but are oppositely directed; thus, 
these parallel components will cancel, and one will be left 
with the perpendicular components only. The perpendicular com- 
ponents will add. The obvious conclusion is that, since the 
entire wire may be considered to be made up of such pairs of 
elements, the electric field at point P must be in the x- 
direction. The x- direction in this analysis is defined as 
being parallel to line £, or perpendicular to the length of 
the wire. Henceforth, consideration need be given only to the 
X- component of dE, namely dE^» 
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These // components are 
equal and opposite 
/, They will cancel 




These J_ components 
are in the sanfe 
direction, /, They 
will add. 
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A study of Figure 4 clearly sKows that 



(1) dE = dE cos 0 

X 



The equation for dE at a point is repeated in equation (2) 



(2) dl = ^ Adz 



4ne 2 ^ 

0 r 



Upon substituting equation (2) into equation (1), one obtains 



(3) dE = ^ 0 

0 r 



Note that since this is a scalar equation, the vector notation 
has been omitted. 

Note that the angle 0 in Figure 4 will be taken as 
negative. Angles clockwise from line a will be taken in the 
positive sense. Note also that Figure 4 makes it clear that 



COS 0 = 



This relation will be important later, since equation (3) 
involves three variables: ^, £, and 0. In such a form, 
equation (3) is not readily integrable. In order for the 
integration to proceed, two of the three variables will have to 
be expressed in terms of the third. The above cosine relation 
will allow this to be done. 
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dy 
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(1) dEx = dE cos O 

(2) </E = -Tz— — -f- r 
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The method of making these substitutions is shown in Figure 5 using the 
elemental triangle made by dy subtending an angle d0 at the point The element 
dl is shown as a perpendicular dropped from one radius vector to the other. Note 
that dl, dy, and the undesignated segment of £ form a small right triangle. From 
the above cosine , relation, r^ may be written as 



r = 



cos 0 



From a study of the elemental triangle, it can be seen that 

dl = r d e 

and 4^ = cos 0 

dy 

Thus dy « ^LAA 

cos 0 

which is an expression foi dl and dy in terms of r and 0. Thus in the final 
expression, £ may be eliminated to yield an expression for dy in terms of 0 
and £ (a constant). 

Continuing with the substitution, the identity above may replace dy 
into equation (3) yields 



dE 



1 \ cos 0 r d 0 

x " 4lle 2 cos 0 

0 r 

1 A d 0 



4ne 2 
0 r 



But, recall that 



which gives for dE 



cos 0 



jt. 1 a cos 0 , ^ 
dE = yz; d 0 



"x 4IIe 

0 



a. 



, Expressing this differential equation in integral form, one obtaitis 

r 0. 



E - 1 A 
X 4ne^ a 

0 



2 

cos 0 d 0 



Note that since A and £ are constants, they appear outside the integral sign. 
The integral is easily evaluated since the integral of cos 0 is sin Upon 
performing this operation on the above equation for E , one obtains 

X 

\ ■ 4n77 i (8in 92 - 8in e^) 

Since G^is 90°, sin 0 - 1; and since 0 is - 90°, sin 9 - - 1, then 
equation (4) becomes ^ ^ 

1 X 



E 



X 2I1e a 

o 
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dl 
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Recall that A is the charge per unit length, and as such is proportional 
to the total charge on the wire. Thus E is proportional to the total 
charge on the wire. Recall also that ^ is the perpendicular distance 
from the point at which the field due lo the wire is being determined. 

From this information some important conclusions may be stated 
with regard to the field generated by this type of charge, distribution. 
The field is inversely proportional to the first power of the distance. 
This is different from the expressions that the reader has met before 
which have all involved inverse square laws. It is important to note 
that this is not an inverse square law but a simple inverse law. 



The mathematical features of the derivation 
of the field due to an infinite uniformly charged 
wire are summarized in Figure 6, 
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_ 1 K^es^ ^dO 

CI tit \* 



__ 1 Kcos 0 dO 

= -jJ — — Vsin 0y — sin 0, 



o 

o 



For a infinitely long wire: 02 = 90 

0,=-9O 

^ = _!_ A 

^ 27r€o « 
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CALCULATION OF E 
FOR AN INFINITE i 
UNIFORMLY / 
CHARC^ D WilE / 



TERMINAL OBJECTIVES 

10/2 B Answer questions and solve problems relating to atomic 

models based on sperically symmetric charge distributions. 

11/1 A Solve problems and answer questions on the relationship 
betweeam potential and field intensity. 



Some of the most important technological advances of recent 
years have stemmed directly from our knowledge and understanding 
of the way in which electrons in motion are affected by passing 
through an electric field. This paper will be concerned with 
a thorough analysis of the forces acting on. a parallel beam of 
electrons moving through a uniform electric field • The discussion 
is based on the observations that can be made of the motion of 
the fluorescent spot seen on the screen of a cathode ray tube* 

(Figure 1) The cathode ray tube illustrated in this drawing 
is a demonstation type in which electrons are emitted 
thermionically from the heated cathode. Those electrons 
which pass into the focusing cylinder are formed into a 
parallel beam which is collimated into a thin pencil as it 
moves through the aperture in the anode. The beam is then 
injected into the space between the electrodes labeled 
"deflection plates" and proceeds onward to the fluorescent 
screen where it produces a visible spot of light. The 
dimensions given for the length 1^ of each of the plates, 
the distance L from the edge of either plate to the screen, 
and the spacing between the deflection plates are representa- 
tive values that correspond to the actual dimensions of the 
elements of the tube shown in the diagram. 
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(Figure 2 This is a close-up of the electron "gun" of the 
tube showing the normal potential difference used between 
cathode and anode. The anode is 250 volts positive with 
respect to the cathode, hence electrons omlrtoH from the 
cathode are greatly accelerated in the direction of the anode. 
Once the electron beam has passed the anode, its motion 
horizontally aiong the axis of the tube becomes uniform 
since it is nm longer in the space where the potential gradient 
exists in th±si direction. 

(Figure 3) Gxmsider the electrons just as they are emitted 
from the catihodE. At this point they have a ispecif ic amount 
of potential ensexgy due to the voltage gradient. When they 
arrive at the aaaErde, all of this potential energy has been 
converted to kiBEtic energy. Thus, as the beam passes through 
the aperture, the amount of kinetic energy gained is equal to 
the amount of pattential energy lost in transit. 

(Figure 4) Since the potential difference V between cathode 
and anode is actually potential energy per unit charge, the 
magnitude of the potential energy of the electron is thus 
given as eV in which e_ is the charge on the electron. As 
shDwn above, this must equal the kinetic energy at the anode 
3S indicated by the upper equation. Note that symbolizes 
-tfiie "horizontal" :component of the beam velocity at the anode, or 
t&e component parallel to the axis of tshe tube. When solved for 
Vj^, tfce resalt flasffitcated in the second equation is obtained. In 
t±Lis equation, ^ is the naros of the. indnLvidual electron. All the 
quant3:ties on 'SSam right :aBEe readillpssmeasurable so that v^ may be 
easily evaluatsA*. 
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(Figure 5) This diagram suggests the next step in the analysis. 
The electron beam approaches the deflection plates traveling 
along the axis of the cathode ray tube. If no potential differ- 
ence is established between the plates, the beam will proceed 
through the space between them with zero deviation and produce 
a light spot at the exact center of the screen. Should a 
potential difference be applied to the plates, the resulting 
electric field between them would then have to be taken into 
account in determining the effect on the beam path. 

(Fi gure 6) In this plan view of the deflection plates, assume 
that the upper plate has been negatively charged with respect 
to the lower plate, establishing an electric field having the 
direction shown, that is, from the positive toward the 
negative plate. Recalling that electrons are negatively 
charged particles, the beam would experience a force opposite 
that of the direction of the field. In this view, the force 
on the beam would be downward, toward the positive plate. 
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(Figure 7) As a result of this force, the beam would be 
deflected downward and follow a curved trajectory while in 
the space where the potential gradient exists. It is 
important to observe that the beam path is a straight line 
in the range from the cathode to the right edge of the 
deflection plate, a parabola in the deflection area, and 
a straight line once again after the beam has passed the 
left edge of the plate. Note also that v^ represents the 
axial component of the beam velocity at all times after 
the latter has passed the anode. 

(Figure 8) Electric intensity E is defined as force 
per unit charge. To determine the* force on the electron 
beam due to the electric field, it is merely necessary 
to multiply force per unit charge by the charge on the 
electron, or Ee. This makes it possible to express the 
acceleration of the beam at right angles to the tube axis 
in terms of electric intensity E, electronic charge g_, 
and the mass of the electron m. 

(Figure 9) ^ As indicated here, the transaxial acceleration 
is given by Ee/m. With this relationship in hand, the 
transaxial electron beam displacement may now be evaluated 
by substituting in the general equation 

2 

displacement = 1/2 a t 
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(Figure 10) The added equation presents this Information. 

The term Ee/m replaces £ In the general statement, and 

2 2 
( ^/Vj^) represents the replacement for t . The time In 

this equation Is the distance traveled along the axis { ^ ) 

divided by the axial velocity of the beam (v, ). Before 

n 

proceeding further, It will be necessary to determine the 
transaxial velocity of the electron Just as It reaches the 
left edge of the deflection plate. 

(Figure 11) The transaxial velocity at the point Indicated 
Is obtained from the general relationship v = at which applies 
to any body having a uniform acceleration a^ for a time _t , 
The deflection acceleration Is Ee/m as Indicated once again 
In this figure. The time of flight In the deflection 
region is Jl/v, .. 
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(Figure 12) Therefore, the transaxial velocity at the 
left edge of the plate is given by this additional 
relationship. Essentially, this implies that the electron 
is moving with an axial velocity v^ (uniform) when it 
reaches the left plate edge, and with a transaxial 
velocity v^ at the same instant. To compute the dis- 
placement of the fluorescent spot from its central 
position as a result of the deviation, it is now 
necessary to determine the additional transaxial dis- 
placement of the beam as it travels from the left edge 
of the plate to the screen. It should be recalled that 
there is no transaxial force on the beam in this" region; 
its trajectory is a straight line. 

(Figure 13) This additional deflection is the product of 
the drift time (time form motion from plate to screen) and 
the transaxial velocity v^ (now uniform) . The drift time 
is simply L/v^ so that the additional deflection is 
merely L/v^ x v^. Thus, information is now available 
for finding the deflection of the beam while in the plate 
region and also the deflection between the plate region 
and the screen. The total deflection is, of course, the 
sum of these. 
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(Figure 14) TSiis fig^ure shows n ; algebraic solution. 
The total itassidAcement of the '^.n-jgnr: spot ou tine screen 
from its cesnitnral, undeviated pojr ^i-tnifflEir. may be inound by 
substituting in the final equatici- ^x)wii^ ¥gx: the 
dimensions mmd electrical values .r im^i i, tiiE cSs placement 
of the spmn turns out to be 4.2 :5t iGT Tmsrer cor 4.2 cm. 
The iseasux3ed value obtained in z±lb acxmal experiment 
was 4.3 cm^ indicating excellent agrmment with the 
calculations . 
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DEFLECTION OF 
ELECTRONS H AN 
ELECTRIC imD 



TERMINAL OBJECTIVES 



10/3 B Answer questions and soive prnffiEflksms relating 
to potential and field strength.. 



In general ja&sm^^ fLnx miggns a "flowmg" or a "flow". 
It is nnrmaiT^ .^rgp i i^ H CO a fluid iro describe its rate 
of motion or ;fii^ffCt±t3Ti of movesnEnt: - In physics, "flux" 
±s frequeiEtly --^pipT-i*^ to certa±n ^sipects of vector 
fields but r^&sadaBS tfete imjilicaH^snii of the flow of some- 
tking. The iuttiararte relatTiony==rnTr:af the concept of 
ELoxcf with that ;3r f Ieix makes ±r iogiical to begin a 
diiscussion of vsebs sidDject ^dith a fluid analogy. 

(Figure 1) Jm tSris representat±>m: fof .a river, it :is 
ssasumefl that tSie xjater is flow±D^:rfcEi the general direction 
of the obserwKTiaind has attained a. steady state wifth res- 
pect tro vclkac±ry. This means thai: tie ^ter flowimg past 
ainiy given pciasKt ±n the si^iream has trhe Mine velocity second 
fflSter aecsoiad* Itae riner nnay then b« visualized as a 
i^oclay fSigBSffi because e^wery poiirt — rir irt may be represented 
ai Titesiiic3X3r ve c^liznr* 

^l&oBm ZD nf certain velocities ^axe selected arbitrarily 
at vacifemffi laawels, their, comparatiDKe magnitudes may be 
TBfpresEsated :im^ suitable vector azasoms. Ecxr simplicity, it 
has been ii "iriMHil tfisat theivolocitr?^^^M the waternear the 
sMCfaice is lew thaaa: ±t ±s at gisei^lf |^ths, hoM^ tktU 
itmt&iQTt^ ^ 'l^lm top :imB ^iamter axS^ wsb idenittlf ied with 
lower c^ase "v'fe** whcLle tfrose at topfeEdaErttom are ILongea: andi 
smr^ sysB>0$^B^^M±tb upper case 



(Figure 3) A small area A has been zskettched into inddstreain 
aiid has been placed in tiie low -velocity stratum of the river. 
Thiis area Is to be considered extremely small although it 
is illustrated as eialarged for (clarity. In accordance 
with established coxwentirniL, tiine vectorr that cJescribes 
this ariryri is drawn pjergjcfodiculaix tjo fit.. 

(Figure 4) The flux thxaogh this area is, by definition, 
the dot pTodhtBCt of the velocity v and thie area rA. Since 
thfs is (by definition I) a dot product:, flux is a scalar 
quantity. The equation foar lEhxK may als0 be written in 
teinns of tihse coniptonenits of itSie vedtor-a or- 

1$ ^ vAci2>s9 

where 0 is tAie angle felbweeii tEoe a cL r wl . «B^Qcd.ty vector and 
tthe area. lit is reTOjaLoH^ tto ^alyzK tlee expasssion for 
if lux dimensionally . IfeLociiry is length pitr umift time and 
area is expressed im lenigth units squared. The product of 
^ A is then 

(T> " CT) 

Thus., flrac has the dimEnsaLDxae of innrluHoa ggpr: tmit time and 
repjitesaats; the volume of liquid f lajwimg iltiiw/wu gh the area 
A per nmfan time. 
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(Figure 5) This diagram should help to clarify the 
significance of the angle 0. The area through which 
the flow occurs is again displayed with it descriptive 
vector A at right angles to the surface; the velocity 
vector V is shown as a horizontal arrow. If the velocity 
vector -were perpendicular to the area vector, there 
would be zero flux since none of the liquid would be 
passing through the area; that is, the flux is maximum 
when the velocity vector and the area vector are parallel 
to one another. For this condition, the angle 0 is zero 
so that the cosine of the angle would be unity; as the 
angle becomes larger, the magnitude of the flux diminishes. 

(Figure 6) At this point, the area is increased by adding 

a second surface A2 so that the total surface is now the sum 

of the original area and the newly added portion. It will 

be assumed that the velocity through the newly added section 

is vector V. The total flow through the enlarged area is 

now equal to the sum of the flows through the separate surfaces. 

(Figure 7) This sum relationship has been added to the 

illustration. The original area is designated as A^ and 

-> 

the added surface as Although the foregoing development 

many appear trivial, it does lead up to an important idea: 
calculation of the flux through a surface involves the 
process of summation; in the limit, this process becomes 
one of integration. 
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(Figure 8) C onsider a general case Involving an arbitrary 
surface in a velocity field. An element of area dA is arbitra- 
rily selected on the irregular surface and the velocity at this 
element of area is taken as v. By definition, the flux through 
this element of area is 

^ = vdA 

(Figure 9) To find the flux through the entire surface, it 
is merely necessary to sum up the individual fluxee through the 
elemental areas over the entire surface. 

(Figure 10) The correct expression for the required 
integration is shown in this figure. The integral is a 
surface integral and the integration process includes the 
entire area. 

(Figure 11) The discussion thus far has been based on a 
velocity field in which the flux has been evaluated in terms 
of volume of fluid per unit time through a given surface. 
Since the same general approach may be utilized when an 
electric field is substituted for the .velocity field, in this 
figure the electric field vector E has been used to replace 
the velocity vector v. A similar pattern of thinking results 
in the definition of electric flux through an element of 
area as the Surface integral of the dot product of the electric 
vector and the element of area. 
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(Figure 12) A typical example is represented in this 
figure. It is desired to calculate the total flux 
through the designated area shown. The length L of 
the rectangle lies alown the positive x-axis, and the 
width of the rectangle lies in a plane that forms an 
angle of 30° with the xz plane. In addition, it is 
assumed that the electric field vector passes through 
the surface in the positive y-direction. 

(Figure 13) The electric field is not uniform. As 
indicated, the electric intensity is given by the 
relation E = az, showing that the magnitude of the 
field is a function of the z-coordinate. Thus, E 
will vary from zero at z = 0 to infinity when 
z ~ infinity. All of this is preliminary information 



(Figure 14) At some distance from the lower edge of the 
rectangle, a thin strip of width dw and length L is selected. 
The area of the strip is, of course, L dw. The next step 
involves the representation of this small area by a vector 
as illustrated in the figure, directed at an angle of 30° 
downward toward the xy-plane. To calculate the flux through 
this element of area, it is necessary to find the value of 
E at this distance from the xy-plane. 

(Figure 15) To determine E, the z-coordinate at the distance 
w from X-axis must now be determined. A perpendicular is 
dropped from dw to the xz-plane so that the z-coordinate of 
dw is seen to be w cos 30°. Since the electric intensity E 
is the product az, the intensity at the distance w is E = 
a w cos 0. 

(Figure 16) This figure shows the s tep-by-s tep development 
of the expression for evaluating d<i for the conditions 
specified. The student is urged to study the sequence care- 
fully until he is certain of complete comprehension. 
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(Figure 17) The expression fox-Tthe fLux is here shown 
in integral form. 



(Figure 18) In this soluticaait, nitei-dnte grand can be 
simplified substantially as «SiiaDBcr^^- ±hat the final 
expression for the flux is 

^5 = L a coH 30^ ^ 

The procedure described in this pap:ear sufficiently 
general so that it may be applied: ito vax±oiis problems 
encountered in the calculation off lux. 
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TERMINAIL, 'OBJECTIVES 

10/1 A Answer questions and solve problems 
concexnnmg electric field flux. 




f 




Gauss* Law is an extxemely powerful tool for calculating the 
electric field due to oontlniHttus charge distributions. Two specific 
configurations are discussed iiin this paper. Both af these involve 
charge distributions possessing a feigh degxtepe of syimu etry . The first 
case to be examined concerns itself with tte electric field due to 
an infinitely long wire with a coutdLnuous charge distribution. If 
the linear charge density on the wixe is A, the length of the wire L 
will contain a charge given by the expression 
q = Xi* 

where q is the ttrotal charge ©n the length L lifaie wire. It is 
ingiortant to natae tihat L is mott the entire lengittia of the wire, but 
merely a segmenit of an infindte% long wire, mad ctet for an infinitely 
long wire, the field E is everywhere perpendicular to the length of 
the wire. (Figure 1) 

The second case to be consMeasEEfl. is thie fieM daie to an 
infinilae shee-t .t)f charge. In thdis caise, one lis interested in the 
electric field E at some distance from this; iLnfin±te sheet of charge. 
The figure shows a finite sheet of area A. As is -tihe case with the 
long wire, this sheet is merely a ^[ortion of an inf inite sheet of 
charge. The reader is asked to laBcall that the stmrface density of 
charge is the dirarge per unit areas, usually symbolized by a (sigma) . 
The total charge contained on the section of area A will then be given 
by the expression. 

q = aA 
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A very important point must be repeated here. In the following 
analysis, the wire of length L and the plate of area A represent 
finite sections of an infinite wire and an infinite plate respectively. 
In the case of the sheet of charge, the reader should recall that the 
field due to a positive sheet will always be directed perpendicularly 
away from the plane of the sheet, 
( Figure 2 ). 

At this point the stratgey to be used in the application of 
Gauss' Law will be discussed. This strategy is the same for each 
case. The first step is to draw a closed symmetrical surface around 
the charge. This closed surface is usually called a Gaussian surface. 
The second step is to apply Gauss' Law which states that the flux 
through any closed surface containing a charge q is given by 




( Figure 3 ) 

The third step in the procedure makes use of the definition of 
electric flux. This definition states that the flux is given by 

taken ,over any area A. In the problems to be considered here, 
however, the use of Gauss' Law provides a symmetrical Gaussian surface 
that surrounds the charge. 
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(1) Draw a closed symmetrical 
surface around the charge 

(2) GAUSS' LAW 
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(1) Draw a closed symmetrical 
surface around the charge 

(2) GAUSS' LAW 
^ = 9/^0 
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( Figure 4 ) 

Because of the high degree of symmetry of the Gaussian surfaces, 
the above integral in the definition of flux generally reduces to 
EA. 

( Figure 5 ) 

Returning to the infinite wire, the reader is reminded that the 
segment of wire has a length L and a linear charge density A. 
The problem is to calculate the electric field E at the point P, which 
is a distance r from the segment of wire. 

The first step is the construction of a S3rmmetrical surface 
surrounding th:' charge. A reasonable Gaussian surface for this charge 
distribution is shown in figure 6 . 

This Gaussian surface is a cylinder whose axis coincides with 
the axis of the wire. Let the cylinder have a radius r and a length 
L. It would be in the best interests of the reader to note this 
construction very carefully. 

The second step is the application of Gauss' Law which may be 

stated as follows: the flux through the Gaussian surface is ^ . 

^o 

It has been shown that the total charge Q on the length L of the 
wire is AL, thus the flux through the Gaussian surface must be 4^ • 



(t)=jE-</A = EA 

FIGURE Mj 
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q = \L 



( Figure 7 ) 

The third step che strategy makes use of the fact that the 
electric flux through the cylinder is the product of the magnitude of 
the electric field E, and the surface area of the wall of the cylinder. 

The reader may wonder why the top and bottom of the cylinder are 
not considered. The reason for this is that since the electric field 
lines are always perpendicular to the wire, they will always be 
parallel to the end caps of the cylinder. If the lines of E are 
parallel to the end caps of the cylinder, they do not pass through them 
and therefore need not be included in the analysis. 

( Figure 8 ) 

Since the flux equals EA, where A is the area of the cylinder wall, 
the flux may be stated in terms of the radius of the cylinder or 

(1) (f) = 27TrLE 

Now all one nead do is equate equation (1) with the definition of flux, 
namely 4^=3- 

Howeveif, recall that the charge q on the length L of the wire is 
q - AL 

so that the equation for flux becomes 

(2) <). = |Ii 

^O 

Equating equations (1) and (2) ^ one obtains 

(3) 27TrLE = At 

Solving equation (3) for E yields 

E = 27Te r 
as the result. 

The reader is reminded that this conclusion has already been 
readied by another method. That method involved an integration. It 
should be clear that the method using Gauss* Law provides a much simpler 
approach to the problem than does the method of integration. 
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(1) ^ = 2TrrLE 

(2) ^ = XL/£^ 

(3) 2TrrLE=XL/£^ 



( Figure 9 ) 

The second case will now be considered. In this configuration there 
is a flat plate of cross sectional area A and charge density a* Note 
that this is a surface charge density, i*e, charge per unit area, The 
charge on the plate is assumed to be positive. At a point P at any 
distance from the plate, the electric field E is directed perpendicularly 
away from the plate. The analysis to be used here is similar to the 
one used above for the case of the wire* 

( Figure 10 ) 

In the first step, a Gaussian surface must be constructed around 
the plate. For a plate, the best Gaussian surface is a parallelepiped 
whose end faces are parallel to the surface of the plate. 

( Figure 11 ) 

For this step it is important to note that. the total charge on the 
surface is the product of charge density and area or 
(A) q = OA 

Recall that the flux is given by 

(5) * = |- 

If equation (A) is substituted into equation (5) one obtains 

(6) * = 1^ 

^O 

which is an expression for the flux in terms of surface charge density 
and area. Note that this is the flux passing out of the Gaussian surface 
drawn around the plate. 
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( Figure 12 ) 

Because of the high degree of symmetry of the configuration, Gauss' 
Lav may be used to specify the outgoing flux. At this time, the exact 
meaning of A must be clarified. Since A is a flat 'plate, flux emanates 
from both sides. Thus, the area of consideration is not merely the 
area of one side of the plate, but the area of both sides. Hence, if 
the area of one side of the plate is A, the total area for the emanation 
of flux will be 2A. The expression for flux then becomes 

(7) (J) = 2 EA 

Equating the two expressions for flux in equations (6) and (7), one 
obtains 

2 EA - 2A 

and the result for the electric field strength is 




The two examples described above involve highly symmetric charge 
distribution in which Gauss' Law is clearly simpler than methods 
involving integration. This is particularly true in the case of the 
determination of the field due to an infinitely long wire in which there- 
is a uniform distribution of charge. 

The reader should consider both these cases carefully, particularly 
with respect to the strategy that has been used involving the . three-step 
solutions shown. Once these are firmly established in his mind, he 
should then apply the same strategy to other symmetrical configurations. 
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CALCULATION 
OF E USING 
GAUSS' LAW 



TERMINAL OBJECTIVES 

10/2 A Answer questions and solve problems using Gauss' 
Law for cases of spherically symmetric charge 
distributions • 

10/2 E Apply Gauss' Law to charged bodies. 



Capacitors are found by the score in virtually every kind of electronic 
device, performing many different and important 4\itles . Yet, regardless 
of the nature of the task handled a specstffc ^awpssacitor, its usefulness 
may be traced to its ability to store an electric charge and deliver this 
charge in the form of a potential difference or an electric current when 
called upon to do so. Capacitors have much in common with ordinary 
mechanical storage devices such as jugs, bottles, and tanks. The capacity 
of a bottle to hold fluid, for example, is in many respects analogous to 
the capacitance of a capacitor. Perhaps the best way to introduce the 
significance of electrical capacitance is Ub stiart with one such analogy. 

Figure 1 la^mm two halXmm iMm±f±mi »s A am& t; «ach one has been 

Sjoflbal^ed^ At f^ii^^ g^tenee, there is a strong temptation to say 
that B lias the greater capacity for air because it has a larger inflated 
volume than A. But if both balloons are naw deflated, suppose that they 
then appear a4B in Fi^u?&« If Assuml^ tWAt both are fabricated of the same 
rubber material, it would then appear that A shoragli have the greater 
capacity to hold air because it Is larger than B initially. This is quite 
true, but the fact remains that it is quite easy to inflate the smaller 
balloon to a larger inflated volume merely by using more air pressure on it 
than on the other balloon. This, of course, was done in obtaining the resul 
in Figure 1. Balloon B, despite its smaller initial size, was inflated to 
larger size than A simply by blowing harder on it. This is very much like 
comparing a gallon jug with a quart bottle; although the gallon jug has a 
greater capacity than the quart bottle, you can if you wish put a pint of 
water into it so that it contains less water than the filled fi.uart bottle 
with its smaller capacity. In short, the capacity of a ballooft c-T a bottle 
is not at all the same thing as the actual quantity of air or liquid that 
it may happen to be holding at any given instant. 
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The analogy can be- carried further. The same two balloons, A having a larger 
capacity than B, are connected to a common source of air pressure through a 
T~tube as shown in Figure 3, This arrangement insures that the same air 
pressure will be applied to both balloons. Furthermore, let it be assumed 
that when the balloons have expanded somewhat they then develop sufficient 
back pressure to equalize the pressure of the source. At this point, inflation 
will cease and the air system will be in equilibrium. The result is shown in 
Figure 3. Here it is seen, as might have been anticipated, that the balloon 
of larger capacity — balloon A — has grown to a larger size nhan balloon B. 
The quantities of air in the two balloons have been designated as and Q^, 
respectively. It is also not unreasonable to guess that Q in either case 
would be directly proportional to the capacity of the respective balloons . 
If one has twice the initial size or capacity of the other than it ought to 
be able to hold twice the quantity of air when the pressure is the same for 
both. If the capacities are called and C^, then the expressions shown in 
Figure 4 would apply. Pressure, being constant, may be taken as the constant 
of proportionality so that the equal-ratio form may be written as Q =« PC. Or, 
in the final form, capacity may be considered to be defined as the ratio of 
quantity of air to the magnitude of the air pressure used to inflate the 
balloon. Perhaps a better "feel" for the significance of this defining 
expression can be realized by putting it this way: 

(1) If balloon A can hold a 'greater quantity of air at a given 
pressure than balloon B, it must have a correspondingly greater capacity. 
That is, C varies directly with Q when P is constant. 

(2) If a greater pressure is required to bring balloon B up to the 
same volume of air as balloon A, then the capacity of balloon B must be 
smaller. That is, C varies inversely with P when Q is constant. 

Tims, capacity may be defined as quantity per unit pressure . 
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FIGURE 



The word "capacitance" rather than "capacity" is now in common use 
in electricity. However, the capacity of a balloon is very closely 
analogous to the capacitance of a capacitor. Two capacitors, and 

are illustrated in Figure 5. Let it be assumed that the materials 
and the method of fabrication used in the construction of both of 
these were identical. Since is physically larger than C^, it is 
reasonable to conjecture that the former would be capable of holding 
a larger electrical charge than the latter. Q is again used to denote 
"quantity", this time quantity of electrical charge. Refer now to 
Figure 6. 

For simplicity, let be twice the capacitance C^. If both are 
charged from the same source of potential — and here potential 
difference is analogous to the air pressure used to fill the balloons — 
then should accept twice the charge Q that will pass into 
in this case, potential difference is taken as the constant of propor- 
tionality just as pressure was previously and the expression relating 
quantity of charge Q, capacitance C, and potential difference V 
appears as shown in Figure 6. Thus, since C = Q/V, capacitance may be 
defined as charge per unit potential difference. Referring to the form 
Q = CV, it is at once seen that the quantity of stored charge in a 
capacitor can be increased by increasing the capacitance at constant 
voltage, or by increasing the voltage at constant capacitance, or by 
increasing both voltage and capacitance simultaneously. 
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The simplest form of capacitor comprises a pair of parallel 
conducting plates separated by a vacuum as illustrated in 
Figure 7. The capacitance of this device is given by the 
ratio of the charge on either plate to the potential 
difference between the two plates. The remainder of this 
discussion will be devoted to the derivation of an equation 
in which capacitance for this simple capacitor is expressed 
in terms of its dimensions A and d^, plate area and plate 
separation respectively. 

After charging, each of the capacitor plates as shown in 
Figure 8 has accepted a charge of Q. The left plate 
(purely arbitrarily, of course) has a charge of -Q and the 
right plate a charge of +Q. Since the area of each plate 
is A, the charge density on the surface of each plate is then 
Q/A. The lower-case Greek sigma is generally used to denote 
surface charge density so, as in Figure 9, the density con- 
dition is -a on the left plate and +a on the right plate. 



Considering only the positive plate for a moment, there will be 
an electric field outside both surfaces having the general form 
illustrated in Figure 10 • This field is directed away from both 
surfaces at right angles and has the magnitude shown. The 
negative plate has a field of exactly the same magnitude .but 
opposite in sign indicating that its field is directed toward 
the conducting surface instead of away from it. Refer to 
Figure 11. 

In combination, the situation changes as follows: since the 
field outside either plate is a net field due to two equal 
fields oppositely directed, these outside fields cancel out com- 
pletely. Between the plates, however, the fields due to each 
plate are similarly directed, hence the resultant field is the 
sum of the two individual fields. This means that between the 
plates the electric intensity is expressed as shown in Figure 12 y 
and is directed from the positive to the negative plate. 



#19 - 5 



Using this expression for the electric field intensity between 
plates, the potential difference between the plates can now be 
evaluated. Refer to Figure 13. Potential difference is the 
integral of E.dl from zero to d_ separation. When this integration 
is performed, the result is V = Ed. Then, when a/e^ is sub- 
stituted for E, the final expression in this figure is obtained. 

Figure 14 shows the two equalities that can be used to progress 
to the objective of this discussion. The first is a statement 
of the potential difference V in terms of one dimension of the 
capacitor, the distance separating the plates. The second 
describes the value of the charge Q in terms of the area A of 
either plate. This second equation is merely an algebraic con- 
version of the definition of surface charge density so that it 
is seen that total charge may be expressed as the product of 
charge per unit area (sigma) and the total area. 

Before going oii to Figure 15, the student should make the 
necessary substitutions in C = Q/V to obtain the final simplified 
expression for C in terms of A and d. Figure 15 shows how this 
is done, the final equation being 




Since is a constant — it is called the permittivity of a 
vacuum — then the capacitance of any. capacitor of the type 
discussed here is dependent only on the area A of one of its 
plates and the distance between the plates. In other words, 
capacitance is hot influenced by potential differences nor 
circuit connections. A capacitor may be labeled by the manufacturer 
purely on the basis of its dimensions, nothing else. 
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CAPACITORS 



TERMINAL OBJECTIVES 

11/3 A Answer questions and solve numerical problems involving 
the physical significance and units (basic and 
submultiples) of capacitance, C . 

11/3 D Solve problems involving various conductor-pair 
geometries* and the corresponding capacitances • 

12/1 A Solve discriptive and numerical problems involving 
capacitors in series and parallel combinations. 
(Note: All interconnecting wires are resis tanceless) . 

12/1 D Predict the effect of adding a dielectric of known 

dimensions and material to a vacuum capacitor in both 
descriptive and quantitative situations. 
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THE CAPACITOR IN ACTION 



The subject of the discussion of this paper deals with the 
factors that govern the capacitance of a capacitor. The simplest form 
of capacitor consists of a pair of parallel conducting plates separated . 
by an insulator or dielectric. The quantities involved in capacitor 
action are the magnitude of the charge transferred to it, the electric 
potential difference across its texrminals, and its ability to store 
electric charges or capacitance. In the demonstrations to be described, 
a charge of constant magnitude will be considered to be present in the 
capacitor while variations of capacitance are studied in terms of 
changing potentials. 

(Figure 1) The relouively crude instrument shown in the illustration 
resembles the basic instrument used in this discussion for the measurement 
of electric potential. A metallically coated styrofoam ball is sus- 
pended by means of a silk thread on a vertical metal stand held upright 
on a thick plastic insulating stand. If there are no electrical charges 
present, the ball hangs limply against the stand as in diagram A. When 
a negatively-charged is brought into contact with, the top of the stand, 
some of the charges are transferred to the metal and become distributed 
throughout the conductor. The conductive coating of the styrofoam ball 
assumes a similar charge and is repelled by the stand. The extent to 
which the ball swings outward might be measured by the angle between 
the thread and the stand; in its equilibrium Condition, where the grav- 
itational force and. electrical force are balanced, the angle might, 
if desired, be calibrated in terms of the electric potential responsible 
for the deflecting force. Transferring charge into the apparatus re- 
quires that work be done against the charges already present and, since 
potential is work per unit charge, the magnitude of the angle 9 indicates 
qualitatively whether the potential is larger or smaller than it was 
for some other value of 9. 
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(Figure 2) The Braun type of electroscope shown in this illustration 
is modeled after the simple arrangement just described. The active por- 
tion of this instrument is the aluminum vane pivoted rear the center 
of the heavy metal support bar. Connection is made to the vane and 
support bar via a metallic path up to the aluminum terminal disc at the 
top. Note the large plastic insulator which keeps the vane assembly 
isolated from its surroundings. A metal ring called the shield surrounds 
the vane assembly but is not in electrical contact with it. The heavy 
metal base, electrically connected to the shield, completes the Braun 
electroscope. The lower portion of the vane is made very slightly heav- 
ier than the upper portion so that the vane normally rests in a vertical 
position when the electroscope is uncharged. 



Aluminum 
Disc 



^^-^Plasfic 



Insulator 




Metal 
^Shield 



FIGURE (2 



(Figure 3) Diagram A shows the electroscope in its neutral or uncharged 
condition with the vane vertical. In Diagram B, a negatively charged 
rod is brought into contact with the disc at the top of the electroscope, 
a part of the charge of the rod is transferred to the vane assembly so 
that both the support bar and the vane become similarly charged, and 
they repel once another. The couple acting on the vane then causes it 
to rotate to a new equilibrium position. The angle between the vane 
and the support bar may then be used as a measure of the potential dif- 
ference between the vane and the shield ♦ The shield is normally con- 
sidered to be at the zero reference potential, or ground potential since 
it if^ in electrical contact with its environment. Thus, when reference 
is made to the potential on the vane assembly, it is to be understood 
that this potential is being observed or measured with respect to the 
shield. In the state shown in Diagram B, the electroscope is said to 
be negatively charged. A positive charge may similarly be transferred 
to the instrument by bringing it into contact with a positively charged 
body. When an electroscope is to be charged either positively or neg- 
atively, it is customary to start with the instrument in its uncharged 
state. 
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(Figure 4) An insight into the mechanism of charge transfer may be 
gained by observing what happens when a charged body is brought into 
proximity with an electroscope already carrying a similar charge. In 
this illustration, the electroscope is initially charged negatively 
while a negative rod is brought close to the terminal disc. The initial 
negative charge potential is seen to be related to 9 in Diagram A, with 
negative charges distributed more or less uniformly over the disc and 
vane assembly. Upon the approach of the negative rod, negative charges 
from the upper disc are forced downward into the vane assembly. This 
increases the charge density and hence the potential of the vane so 
that 0' now represents a measure of the new potential. Charges are 
not transferred in this case unless actual contact occurs; they are 
merely redistributed as a result of the increased electrical forces 
brought into play by the nearness of the heavily charged rod. 



(Figure 5) Here a positive rod has been brought close to the disc of 
a negative electroscope. In this case, negative charges are drawn away 
from the vane assembly by the coulomb attraction force causing a decrease 
in charge density in the vane and consequently a reduced potential. This 
is illustrated by the smaller value of 9'. A charged electroscope used 
as described in this Figure and in the previous one not only indicates 
the presence of charge on the approaching body, but also its polarity 
and comparative magnitude. As mentioned previously, voltage may be 
measured in terms of degrees of angle of deflection. 



(Figure 6) A charged electroscope may be discharged or rendered neutral 
by touching the terminal disc with the finger. The conductivity of the 
human skin surface is sufficiently good to permit charges to be trans- 
ferred to the body. Most of the charges on the Braun instrument will 
transfer to the human body, depleting the electroscope almost completely 
Hence, the vane angle drops to zero when this is done. This method is 
universally used to discharge an electroscope in order to ready it for 
forthcoming tests. 




(Figure 7) The capacitor shown in this illustration is the simplest type 
consisting of two parallel metal plates separated by air as a dielectric. 
The plates are isolated from the environment by an insulating stand which 
supports them in position. The left plate is connected by a wire to the 
terminal disc of the electroscope; the right plate is connected by a 
second wire to the shield and base assembly. The capacitor is then 
charged by stroking the left plate with a negative rod, positive charge 
of equal magnitude being induced in the right plate and in the shield 
assembly to which this plate is connected. The potential difference 
between the vane and the shield produces the deflection 0. 

Equation 1 expresses the capacitance of a capacitor as the 
product of the dielectric constant K, the permittivity of empty space e 
and the ratio of plate area A to plate separation d. The Braun electro-* 
scope^is now to be used to test this equation qualitatively. Equation 2 
is a tool relationship which helps to confirm the results obtained by 
varying the quantities in Equation 1: the potential difference V between 
the capacitor plates is equal to the charge magnitude Q divided by the 
capacitance C. Note .hat the diagram indicates the separation distance 
d to be relatively large. In the next step, this distance is to be re- 
duced while the vane deflection is observed. 
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(Figure 8) When the separation distance d is decreased as shown, it is 
at once observed that the deflection angle is correspondingly decreased 
with 0' being much smaller than 0, The equations predict this as indicated: 
when the initially-large d is reduced, the capacitance C must increase 
since C is inversely proportional to d. As a result, as shown in the 
second equation, the potential difference V between the plates must dimin- 
ish because V is 1 /ersely proportional to C, Thus, the deflection angle 
goes from a large value (9) to a smaller ^-^^ilue (0'). 

In the next step, the seoaration distance d is to be held con- 
stant while the plate area is raised from a small to a relatively large 
value. 
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(Figure 9 ) As Diagram A shows, the initial area is relatively small; 
this has been indicated in nqutition 1 by means of a small "A"; the 
value for 0 obviously depend^: on ^'he specific area, plate separation, 
and charge. In Diagram B, th( i.^a^. has been increased substantially, 
again causing the deflection ar to decrease. One may again reason 
predictively from the equations As A '"becomes larger, C must also become 
larger because C is directly proportional to A. Again, as C grows, V 

must shrink correspondingly an inverse proportion exists here as has 

been stated previously. Thus, if V diminishes, the vane deflection must 
also decrease so that 9' is again smaller than 9. 



Finally, the dielectric constant may be changed and the consequent 
chaiige of capacitance noted. 
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(Figure 10) The plate area A and the separation distance d are both to 
be held constant in this step. Diagram A illustrates that the deflection 
angle 0 is relatively large so that a reasonably high potential is seen 
to exist across the capacitor plates. The air between the plates is - 
serving as the dielectric. A sheet of polyethylene plastic is now in- 
serted between the capacitor plates as in Diagram B; the deflection angle 
again decreases, indicating as before that the capacitance has increased. 
Equation 1 then shows that the insertion 'of the plastic material must 
have increased the dielectric constant K in order to increase the capac- 
itance of the capacitor since these two quantities are directly proportion- 
al. 



Equation 1 is thus verified qualitatively. 

Consider a simple functional problem: a 12 microfarad cap- 
acitor of given dimensions and materials is restructured in such a 
way that its dielectric constant, plate area, and separation distance 
are all tripled in magnitude. 

Don't turn to the next page before answering this question: 
what capacitance will the capacitor have after these changes have been 
made. 



The solution follows: 



12 ufd « K€ 4 (initially) 
o d 

? ufd » (3K) €^ ^ (after restructuring) 



36 ufd » new capacitance. 
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THE CAPACITOR 
IN ACTION 



TERMINAL OBJECTIVES: 



11-1.080-00 

Solve descriptive and numerical problems involving 
capacitors in series and parallel combinations. 
(Note: All interconnecting wires are resistanceless) 



11-1.083-00 

Predict the effect of adding a dielectric of known 
dimensions and material to a vacuum capacitor in 
both descriptive and quantitative situations. 
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We are now going to consider two rules that were first 
formulated by a physicist named Kirchhoff . These rules 
enable one to solve circuit problems, particularly in the 
case of complicated circuits. Such a circuit can be 
found in Figure 1. 

FIGURE 1 

The reader should note that the figure c<mtains two 
seats of emf and several resistors. A typical problem 
might ask that the current through each resistor and the 
potential drop across each resistor be calculated, 
assuming you were given the emf *s aud the values of the 
resistors. Many problems of this nature can be solved 
by the method of equivalent resistors, but this method 
leads to very cumbersome algebraic exercises. Kirchhoff 's 
Law can be of enormous help in this area, as it can 
eliminate much of the time consuming algebra. 

The reader should direct his attention to Figure 2. 
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FIGURE 



FIGURE 2 

Before stating a formal definition of Kirchhoff 's Laws, 
two definitions are in order." The first term to be defined 
is a junction . In Figure 2, the point that is labeled 
branch point or liode is called a junction. That is, the 
three terms; branch point, node and junction all refer to 
the same idea. This author will refer to this point as a 
junction. A junction is defined as any point in a circuit * 
at which the current can divide. For example, in Figure 2, 
the current i^ divides at the junction into the currents 
^2^ ^3* i^* There is a very convenient convention for 

designating current entering the junction and current 
leaving the junction. Current entering .a junction is taken 
to be positive and current leaving the junction is taken to 
be negative. Thus for the case shown in Figure 2, i^ would 
be taken as positive and i^.* and i^ would be taken as 
negative. Now let us give our attention to another concept, 
which is illustrated in Figure 3. 
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FIGURE 3 

This new concept is the loop. A loop is any closed 
conducting path in a circuit. In Figure 3, each of the 
dotted lines outlines a loop of the circuit. With these 
definitions, Kirchhoff's Laws may be "formulated. The 
first of these rules is shown in Figure 4. 



FIGURE 4 

Kirchhoff's First Law may be stated as: At any junction 
the algebraic sum of the currents must be zero. The question 
arises, "What does this mean from a practical viewpoint?" It 
means that the total current entering the junction must be 
equal to the total current leaving the junction. This rule 
may also be stated as: There can be no piling up of charge 
at the junction. The second of Kirchhoff's Laws is shown in 
Figure 5. 
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KIRCNHOFF^ RULES 

1. AT ANY JUNCTION, 
THE ALGEBRAIC SUM 
OF THE CURRENTS 
MUST BE ZERO. 

FIGURE (4j 



FIGURE 5 

The second of Kirchhoff's Laws states thats The sum 
of the changes of potential encountered in making a complete 
loop is zero. More explicitly, one starts at any point in 
the loop, traverses the loop in an arbitrary direction, and 
algebraically sums the potential differences met in 
traversing the loop. Kirchhoff's Second Law requires that 
this sum be zero. 

Now that the two Kirchhoff rules have been stated, 
they may be applied to the simple circuit shown in Figure 6. 
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FIGURE .6 

In the circuit shown in the figure there are two seats 
of emf, » 24 volts and = 12 volts. In addition, there 
are three resistors of 8 4 ^, and 6 n as shown. The 
author advises the reader to sketch the circuit of Figure 6 
so that he may later follow the solution to this problem on 
his own. 

The following problem is presented as an illustrative 
example: Determine the current in each of the resistors of 
Figure 6. 



FIGURE 7 

The first step in a problem of this type is to note 
the number of loops In the circuit. Inspection shows that 
this circuit has two loops, Thdre is a loop on the left 
hand side which is assumed to have a clockwise current 1^^. 
There is also a loop on the right hand side which is 
assumed to have a clockwise current i^. The next step 
in the solution is shown In Figure 8, 
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FIGURE 8 

If Kirchhoff 's Second Rule is applied to the first 
loop, one obtains as a voltage equation 

Ej^ = i^ (8 + 6 - i2 (6 a) 

Introducing the known value of E^^ (24 volts) this equation 
becomes 

24 = i^ (14 n) - ±^ (6 SI) 
See Figure 9. 

FIGURE 9 

Attention is now given to the second loop. Here 
Kirchhoff 's Second Rule yields 

Replacing - E2 by the known value of 12 volts ^ tfila 
equation becomes 

- 12 « I2 CiQ n) - i^ (6 n) 

At this time the reader should be asking himself why the 
voltage E2 is written as minus 12 volts • The equation, 
however, is correct as written. Please turn to Figure 10, 
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FIGURE 10 

The problem has been reduced to a simple pair of 
simultav us equations in the unknowns i^ and l^* If 
tiie reader wishes to solve these equations by himself 
he may do so and then proceed to Figure 11. If not, 
proceed to Figure 11 at once. 

FIGURE 11 

As can be seen from the figure, the results of 
solving the simultaneous equation are 

±^ « 1.62 AMPS 
±2 = -.25 AMPS 
The negative value of merely indicates that the 
wrong direction was assumed for 1^. Accordingly, the 
current diagram must be modified as is shown in 
Figure 12. 

FIGURE 12 

Referring to itfte diagram of the circuit, i^ gives 
the current in the B ohm resistor and gives the 
current in the 4 ohm resistor. Thus the current in 
these two resistors is determined. Please go on to 
Figure 13. 
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FIGURE 13 

It remains for the current In the 6 ohm resistor to 
be determined. This can be accomplished by an application 
of Kirchhoff *s First Rule, the rule which defines junctions. 
Recall that Kirchhoff^s First Rule states that: the 
algebraic sum of the currents entering a junction and the 
currents leaving a junction is zero. 



FIGURE 14 

Figure 14 shows the corrected directions of the 
currents i^^ and Let the current through the 6 ohm 

resistor be designated by i. According to Kirchhoff *s 
First Rule, 

ij^ + i2 + i = 0 

If the currents entering the junction are taken as positive 
and those leaving the junction are taken as negative, this 
current equation becomes 

1.62 AMPS + .25 AMPS -1 = 0 
or 1 » 1.87 AMPS 

Thus the problem has been completed by finding the current 
in the 6 ohm resistor to be 1.87 AMPS. 

It is important to note that the two loops with which 
the problem was begun were rather arbitrarily chosen. The 
author now wishes the reader to solve the same problem 
using a slightly different approach. Naturally, the same 
result is expected. The diagram for this exercise can be 
found in Figure 15. 
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24v=i, 14n-i2 6n 
-12v = i2 10n-fi6n 



Hence i, + 1*2 




FIGURE 15 

The two loops that should be used are outlined in the 
figure. The current through the 8 ohm and 6 ohm resistors 
is i^c The current through the 8 ohm and A ohm resistors 
is It Is. important to note that passes through both 

seats of emf:* This problem may be solved using the same 
technique as'^ras used in the illustrative example given 
above. For snnne additional hints see Figure 16. 



FIGURE 16 

Using Kirchhoff 's First Rule, an equation may be 
written for the i^ loop. 

- E^ = i^ (6 fi + 8 fi) - i^ (8 fi) 

Proceeding in tiie same way for the 1^ loop yields 

E^ - E^ = (8 fi + 4 fi) - i^ (8 fi) 

IJpon substituting the given values of E^ and E2 into these 
-requations, there results two simultaneous equations in i^ 
iand.l2. Whenttthis pair of equations is solved, Kirchhoff *s 
First Rule may he applied to yield thie current in each of 
the resi2sllHOjttlt% 
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KIRCHHOFF'S 
RULES 



TERMINAL OBJECTIVES 

13/1 B Answer quesrtions relative to the methods of 
application of Kirchhoff 's Current Law to 
electrical networks., 

13/1 D Apply Kirchhoff 's Laws to the solution of 
numerical problems raiigin;g from simple to 
more complex multiloop networks. 
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The concept of a vector field is normally first encountered in mechanics 
when gravitation is studied: any of the phenomena involving gravitation 
that are described in terms of a force acting at a distance can also be 
analyzed by means of the field approach, often more successfully. The 
same is true of the forces involved in electrostatics: although one may 
speak of the attraction and repulsion of electric charges as forces acting 
over a distance, the description can almost always be enhanced by introducing 
the concept of the vector field, in this case the electrostatic or electric 
field. 

The third type of vector field is the subject of this exposition, namely 
the B-field or magnetic field. Since there is a strong similarity among 
the methods used to detect and measure all three of these vector fields, it 
would be profitable to review these methods as applied to gravitational and 
electrostatic fields before starting the analysis of the B-field. 

Man is equipped by Nature to detect the presence of a gravitational field. 
He feels the force exerted on his body and objects he handles by the inter- 
action of these masses with the gravitational field. As illustrated in 
Figure 1, he defines and measures the field with the heli: of a simple 
device such as a scale or balance and a standard mass. According to con- 
ventions of scientific mensuration, the magnitude and direction of the 
force of gravity acting on a one-kilogram mass provides all the information 
required to describe the intensity and sense of the gravitational field, 
the intensity is defined as nothing more than the force per unit mass. 
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The electrostatic field presents a different problem because 
special instruments are required to assist with detection and 
measurement. Among the simplest of these is a very light, 
suspended object such as a pith ball and some form of electro- 
static generator. (Figure 2) . A pith ball is suspended from 
an insulating thread and given a positive charge by touching it 
to a glass rod that has been stroked with silk cloth. The pith 
ball is then brought near the electrostatic generator and the 
force acting on the pith ball observed by noting whether it swings 
toward or away from the source of the electrostatic field. A 
measure of the electric, field around the generator is provided by 
the direction and magnitude of the force on the ball. The intensity 
of the electric field is then defined as the force per unit charge. 
Thus, in both of these cases, we describe the field in terms of the 
force acting on a unit "something" — a unit mass in one case Snd 
a unit charge in the other. • 
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FIGURE (2 



As might be anticipated, detection and measurement of the B-field 
presents problems of its own. If, as described in Figure 3, a 
positively charged pith ball is suspended in the magnetic field 
produced by a very powerful magnet, no force appears to act on 
either the magnet or the pith ball. If the pith ball is swept 
rapidly through the magnetic field, however, a force does make 
itself evident: the pith ball is observed to be deflected side- 
wise with respect to the direction of its motion through the 
field. The most noticeable affect is obtained when the ball 
passes between the poles of the magnet moving at right angles to 
the axis joining the pole faces. This is illustrated in 
Figure 4. The pole axis is a straight line (shown dotted) joining 
the centers of the two flat pole faces: the pith ball is suspended 
immediately below the pole axis with the thread intersecting the 
axis as shown. When the magnet is moved quickly downward causing 
the pith ball to pass perpendicularly through the field between 
poles, the pith ball is seen to deflect horizontally toward the 
observer. 
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field of the wa&^smt in Figmre 4 is smrnsgiy comcemtrated between 
G poles and is anb^j^txaxily assigned Trnnection frvm the N-pole 
owaxd the S-pole within the gap betwee'-' latem. Pleas refer to 
igiire 5, The field direction is shown Jite vprrmr- arrow B fcroin 
ight to left., that.±s, from N to S. Tt\f riPPl'atisE T^^ocity of the 
pith ball in the field is indicated by tbe ^gsectoir amxiw v, and the 
f orce resuj tXECtg rMj.i i ii the motion of the ct^har^d bindy tihrough the 
magnetic field is shown by the vector as^row 

From a purely descriptive point of view, it important to observe 
that the force F is perpendicular to the plsne containing vectors v 
and B. In this case, F is directed toward the observer but if either 
V or B had been oppositely directed, the sense of F would be away from 
the observer but it would still be perpiendlcular to the v-B plane. 

Analytically, it should be apparent that tke force F is related to 
r and B by the cross-product of these terms . If the upward velocity 
vis rotated into B, and if the resulting motion of a right-handed 
screw is visualized, it is at once seen that the screw would progress 
at right angles to both v and B out of the paper toward the observer. 

Thus far, then, it is seen that a force does :act on a charge in a 
magnetic field BUT ONLY IF THE CHARGE IS MOVING WITH RESPECT TO THE 
FIELD. It can be demonstrated furthermore that this force will exist 
xmly if the relative action of the pll3i ball with respect to the 
•Fj'p^l r\ has a component perpendicular to the field* When the charge 
riBDves parallel to thejiEleld, say along the pcole axis, no force can 

i:*e detected. In ai^ case — if the^jftrrce can be detected ±t is 

-^»ays found to be rfaerpendicular to l&e plane containing thie v 
^^iwBEstor and the B vecsl^sssL. 
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Another revealing experimental set up: is giw^^i ixi Fi^omre 6 . An 
evacuated glass bulb containing two elesszLXOf^es ^ islled a Crooke's Tube, 
is connected to a source of high volta^- Wfcfhen ^lower i^s appiied, a 
stream of electrons inade visible by a Shnorf^s^^^trt screeai in *the tube 
(not shown in the diagram) passes in ai33:xa:ig^: 3ine from the negative 
to the positive electrode. The electxmr -str^sar ts indicated by the 
broken line inside the Crooke's Tube. a fflgj^et is placed behind the 
tube from the observer's point of view-,, riioriKQ«3^1y oriisntred so that 
the N-pole of the magnet points toward, oais obawraer, tfhe electron 
stream is seen to be deflected sharply aaSBw^rti- Ifee ripper ted path is 
represented by the dotted arrow in the f±s^pif«. 

The electrons are moving from electrode ^ c=ii^ctxode from left to 
right in this case: the direction of tha 3^'^:MLd Is perpendicular to 
the plane of the diagram and its sense is D-otsward toward the observer 
away from the N-pole behinad the tube. Tna^,. ^??be B-*field is perpendicular 
to the velocity vector of the electron s^n^etfifit. The deflection of the 
stream provides evidence that a force ±s ^^jggftted on each electron im^ an 
upward direction, perpendicular to the pMsm^ ^containing the v^ and B- 
vectors. This result is in descriptive agcawSfltent^ith the observations 
of ^he previous experiment. 

There is a significant difference, howewat-V ttelrween the two demonstra- 
tions: in the first,, a positive pith baHL^miEd with respect to the 
B-field but in the second the moving cha-^s^ were negative . When one 
tries to rotate v^ into B in this case, oqe: ftteds that the sense of the 
predicted force should be downward rather titoi upward. Evidently, since 
the various vector rotation rules and the dales governing the directions 
of forces on charged particles in fields aase based on the motion of 
POSXTrVE CHARGES, it is necessary to revise the appEoach to the problem 
Tsiten negative charges are involved. This rather easily done as 
follows : 

Tlieory and experiment demonstrate that an ^^yrrmmnr ■moving from left to 
right as in our example has exactly the saiwfi "frp^ffifj g^ect as a positive 
dharge of the . same magnitude and mass moving in ttSse opposite direction, 
firom right to left. Thus, to correct the ^ctar piicture when dealing 
with negative charges it is helpful to redasaw the <Magram as shown in 
Eigure 7 . Nothing has been changed except: the direction of the 
ciiarges, these having been changed to posiiarons imrsitead of electrons. 
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the rule for cxxxm^^ >rodtx:rits isssy be applied without error. When v 
lis zEGTtaCed into the <iirec;tioia of pmrgress of the right-handed scxm^f 
jLs .aipwaocd as it simoid? *bt. This is diaginamnned in Figure 8 > The vel(Ocit7 
•vwigstnsr ^ is directed t ijwsrd the left, ttrhe field vector K is directed ©ut— 
iniamt taseard the obsssr^jr, and the resnTtic:^ force F Is upward. 

IfiiiaE rfiorrK acting on .-zse^.v niosxtivHly chaiT;gee particles , as indicated in the 
iri^iire, kas a magnitixL :^ ^ven by the prodiKcit q v x B in which the velocity 
"^cssEtror V is perpeiadiosiia-aE" to the field viexrcor B. 

Ufee uinits for B are :&a»adif.ly (obtained f rem tine expression 

~ V B 

tor splatri mg; this equatisr" for B, that is 

F 
q V 

amri'tiiew substituting wks units in the t£ rm at l±e right: 

newtons 



- , meter 
coulombs • 



secona 



A CTwilGBmb per ^ecmsd is called an ampere , hy.nce 

nesrtons 



B ^ 



ampfflEe meter 



Ihe quaoatity B jis isea^siisms^y orI T^d the inrtatea^iiitty of a magnetic fields 
magdfitic induoitii^iiJSfi^ ^Esoff flux demsctty . lExtinis maaterlal has not already 
feeeasL xnitjDDducesiy ifc swxll. later be shown lihmrvsnother unit connected witSi 
:ite~iE3aiic^tt xdlisaEv^nsiiiJtt^ is fmquently tg^aeid , That is, 

weiwers 

ft — - 



squarse aneter 



Jkid finally rafeit tifc >\weber per s^are measeir ±s rmw called th e tesla ^ 
^!H»efiB£ fEcBor ™rg^ sfixmpletely equivalemt-iand one may be substituted 
Ssar ^tfa^ aa&ear ar wdlH..* For recoaad purposes., these units are summarised 
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TEJQMINAL aBJECTIVES 

14 /I B Answer 'qsualltattx^ qiafistifions xelatimg to the 
iniagne1:ic inxiinart±0Tt vectxnr B- 
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FORCE BETWEEN 
PARALLEL 

CURRENT-CARRYING 
CONDUCTORS 
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If two wires are freely suspended very close to one another, and if 
a current is then passed through^ each of the wires, a force of at- 
traction or repulsion can be detected between them. The direction 
of the force is a function of the relative current directions; if 
the current directions are the same in each wire, the conductors 
will attract one another but if the direction of the current in one 
of the wires is reversed, the force changes to repulsion. Please 
refer to Figure 1. 

Analysis of the electromagnetic fields that surround each conductor 
indicates that both the magnitude and the direction of the force 
can be theoretically predicted. Let us assume that the wires 
shown in Figure 2 are connected directly to a source of emf , in 
series with one another, so that the currents are opposite in 
direction but eqxaal in magnitude* 

The current in wire a^ is directed downward while that in wire b^ is 
upward. In order to make the analysis easier to perform in two 
dimensions, imagine that both wires have been rotated about a 
horizontal axis so that they present the picture shown in Figure 3. 
The wires now appear in cross-section as small discs; wire a_ 
carries a dot to indicate that the current is directed toward the 
observer and wire b^ contains a cross to show that the current in 
this wire is directed into the plane of the paper, away from the 
observer. Considering wire a_ alone for the moment, as in Figure 4, 
the B-lines surrounding it may be drawn as concentric circles to 
conform with experimental facts obtained from Oersted's Experiment. 
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Applying the right-hand rule for wires (Oersted's Rule), 
the thuuib of the right hand is pointed in the direction 
of the conventional current so that the fingers then 
encircle the wire in the direction of the magnetic field. 
For this case, the B-lines are counterclockwise in 
direction as indicated in Figure 5. At a point P near 
the current-carrying wire, the line of magnetic in- 
duction is tangent to the circle of the B-line surround- 
ing the wire. 

The magnitude of the field at point P is given by 

Ampere's Law and may be written as indicated in Figure 6, 

in which B is the magnitude of the field, u is the 
P o 

permeability constant, i is the current in wire a, and 

a — ' 

r is the distance between the center of wire a and point P. 
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To review another concept briefly, please refer to Figure 7, 
In this diagram, a wire is immersed in a magnetic field; the 
wire carries a current into the plane of the diagram. The 
source of the magnetic field is not indicated, nor is this 
information needed to analyze the problem. The B-lines 
from this unknown source are directed upward in the plane of 
the paper as indicated. " Applying the Palm Rule to determine 
the direction of the force acting on the current-carrying 
conductor immersed in the given field, the fingers of the 
right hand are placed so that they point in the direction of 
the B-lines while the extended thumb points in the direction 
of the current. The direction of the force on the wire is 
then given by the direction in which the palm would exert a 
thrust if the hand were used in the normal manner. In the 
example given in Figure 5, the direction of the force would 
be that shown in Figure 8, namely to the right as viewed by 
the observer. 

The Palm Rule may always be used in this way and will be 
found to be a great help in analyzing this kind of situation 
and others similar to it. 
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The magnitude of the force on the current-carrying wire is given 
by the relation shown in Figure 9. Thus, both the magnitude of the 
force and its direction are determinable for the example given. 
Please refer to Figure 10; this is reiteration for review. Also 
refer to Figure 11. 

These ideas may now be combined to determine the nature of the force 
in a specific case; that is, to determine whether to expect attraction 
or repulsion when the current directions aare known. Working with 
conductors carrying oppositely directed currents as in Figure 12, it 
can be readily shown that the force is one of repulsion in the follow- 
ing manner. 

The line of magnetic induction at wire b^ due to the current in wire 

£ is labeled B . Applying the Palm Rule to wire b_, it is seen that 

the force on this wire is directed to the right away from wire a^ as 

illustrated in Figure 13. The magnitude of the force is given in 

the same Figure. . In this relationship, F^ is the force acting on 

wire b, i, is the current in wire b, V is the length of wire b, and 
— D — D "~ 

B is the magnetic induction due to the current in wire a^. 
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F = il B 
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Exactly the same process may be f o Ffiwwff i.^ O n d the force acting 
on wire a^ due to the current in wire:;-ai a i tW ' ^f s n^ -m^tg n^ t-\r induction 
produced by the current in wire b^. IBfaae irigptfeania: xule is first 
^plied to wire b^; this demons tra t egtafcat: tt^liF ifr-LxDje ait wire £ is 
directed upward. Then the Palm Rule ±Sr :appafpfffl to wrne showing 
that the force on this wire acts to the: Jeb^ away from wire b^. 
The direction and magnitude of this jBetdce: is cfei-a^ammed in Figure 

14. The student should confirm this fxair himself. 

Thus, the wires repel each other. Txom Third 3;aw considerations 
alone, one may conclude that the f onge- mi- wire a^ must equal the 
force on wire b_ since they form an ansfcion-reaction pair. The fact 
that the forces are equal may also be shown directly as in Figure 

15. In the first step, the magnitude of E^^^ i;s given in equation 

form. In" the second step, B has been iTEfSIsacsBdiiS^dits equivalent, 

a 

i.e., /u^i^/27rr. Both sides are then diyaafeai: by fife, wire length 
to yield the force per unit length in the tJofrd s^p. The 
remainder is self -^explanatory . 
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and assuming equal 
lengths and currennts 



= Jt&Jl. for eith 



er wire 
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In sumnttry ias presented in Figure 16, the force between 
current-carrying wires is one of REPULSION if the currents 
are OVWSTmLY mWEmst; the force is ATTRACTION if the 
currenl:s ha^ the SAME DIRECTION. The farce per unit 
JLength on either wire for equal currents and equal lengths 
is given by 

:F/1 = n i^/2Trr 



#24 - 6 




REPHLSIi^lil^ § cyireiits are 

^p>:^itd^ dtiiiected; 

ATTRACllOilil^ if ciiimerate hmm 



for either mm if mmeiftm laire equal 



EIGUKE (16 




14/3 A Descrxbe the magnetic field around a strais^t-current- 
carryii^ conductor. 



14/3 D Prove that the force between wires a and b in 
the diagram is an attractive force, the magnitude 
of the force on either wire being given by (equation) . 



Liku m\ny other groat gcnornllzatlons in pliysics, Ampere's Law l)C'j',ins 
to acquire meaning only when It is related to phoiiomonn tliaL occur in 
tlio physical worJd. Using the accepted symbolism oT pliysics, Ampere's 
Law may he stated in the form Illustrated in I'^igure 1. 

Put into words, one may read this as: *'The line integral of tlie magnetic 
induction ii around any closed path in a magnetic field is equal to the 
net current across the area, multiplied by a constant of proportionality. 

Unfortunately, the verbal expression of Ampere's Law may be just as 
obscure to many readers ^s tlie matliematical statement. It can be clari- 
fied to a great extent, however, by considering a specific example in 
which tlie quantities contained in Ampere's Law can be reasonably and 
intelligently included* 

Referring to Figure 2, imagine five conductors passing through the 
plane of the diagram perpendicularly in more or less random positions. 
The wires appear as small discs carrying either a cross or a dot to 
indicate current either into the plane of the paper or out of it, 
respectively. 

Figure 3 shows the five conductors enclosed in a continuous "path" which 
is to serve as the path for the line integral. 

In the next step (Figure 4). a randomly chosen point, P, has been in- 
serted in the closed path. The two vector arrows originating at P are, 
respectively, the magnetic induction vector B pointing in any random 
direction and an element of path length dT that is tangent to the 
curve of the path at point P. Since the conductors passing through the 
area circumscribed by the closed path must produce a magnetic field in 
the plane of the diagram, then the T vector must have a specific magni- 
tude and a specific direction, the latter designated by the angle 
between it and the dl vector, that is, angle 0. The net current 
threading through the enclosed area is merely the algebraic sum of the 
five individual currents. 
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AMPERE'S LAW 




In accordance with Ampere's Law as stated in Figure 1, the sum or 
integral of all the B.dl contributions over the closed path must 
be equal to the product of the net current as described above, and 
the proportionality constant, y^. It must be emphasized at this 
point that Ampere's Law merely describes a general property of 
magnetic fields as related to the currents that produce them . It 
is not an "engineering formula" in which one plugs numbers in 
order to extract an answer; in a sense, it describes Nature but 
does not tell how to handle her, except in special, simple cases. 

Now refer to Figure 5. Here is Ampere's Law once again, stated in 

its most general form. Note that p is assigned a value of 4 tt 

-7 ° 
(10 ) webers per ampere meter. This value matches this constant 

to the mks system of units; the name given to is "permeability 

constant". Figure 5 also contains another item of importance: 

since B.dl is a dot product, the magnitude of the B.dl vector at 

any point in the closed path is the product of the path element dl 

and the component of the B~vector parallel to the element. That is, 

the magnitude of the dot product is B dl cos 9. 

Evaluation of the line integral of B^.dl is extremely difficult 
mathematically except in cases of high symmetry: you may remember 
that this is also true of Gauss ' Law. 
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and 

B-rf/ = Bdi cos 9 



FIGURE 





A fypical case of high symmetry to which Ampere's Law may be directly 
applied is that of an infinitely long, straight, current-carrying conductor, 
A wire that is long compared to its diameter and for which the value of B is , 
desired not too far from the wire and not too close to its ends approximates 
the ideal conductor sufficiently closely. Such a wire is stiown in Figure 6 -^^ 7, 

The magnetic field around a conductor with these characteristics is sym- 
metrical and may be described as comprising concentric circles in a plane 
at right angles to the wire. Symmetry also tells us that " the^magnitude of 
B is constant at all points on a given B-circle and that the B vector is 
tangent to the circle wherever we choose it. Furthermore, the angle between 
the line element dl and the B vector is always zero since dl is^ also tangent 
to the circle at the selected point .being superimposed on the B vector as 
shown , 

Using the circle shown in the diagram as the path of integration. Ampere's 
Law may then be written in vector form as given in Figure 8, When trans- 
lated into scalar form it takes the form shown in Figure 9 (a). 

As mentioned previously, in this simple case dl and B lie along the same 
straight line, that is 0- 0, so that cos 0 = 1 and the statement may then 
be written as in Figure 9(b), Also, since B is constant over the whole 
closed path of integration, then the law may be further simplified as in 
Figure 9(c), Finally, the line integral for a circle is simply the circum- 
ference of the circle or 27rr so that the line integral of B-dl turns out to 
be nothing more than B(27Tr) = y i as in Figure 9(d), Clearly, then, the 
magnitude of the magnetic vector any any point on the circular line of 
induction with radius r_ and a net current i^ across the area enclosed by the 

line is y i/Zirr. 
o 

The mks unit breakdown for this example is illustrated in Figure 10, The 
student should look this over carefully to be certain that he can understand 
the unit relationships. 

Thus, for the simple case of a long, straight, current-carrying conductor' 
Ampere's Law gives a formula for determining the magnitude of the magnetic 
induction at any point near the wire and not too close to its ends in 
terms of the current in amperes and the distance of the point from the wire 
in meters . 



WIRE 



pat 



FIGURE 



© 




AMPERE'S LAW 

FIGURE 



ERIC 



FIGURE 



(9a) ^ ^' dT^ ^ B dl COS e 

(9b) ^Bdl cos O=^ B dl 

(9c) ^Bdl=B^dl 

(9d) B(2Trr)=ji^i or B=^ 
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AMPERE'S LAW APPLIED 

TO A LONG 
STRAIGHT CONDUCTOR 
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TETOyllNAL OBJECTIVES 

14/3 A Describe the magnetic field around a straight- 
current- carrying conductor. 

14/3 F Answer questions and solve problems involving 
Ampere's law and its applications. 
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THE LAW OF 




In a previous discussion a great deal of emphasis was 
placed on the fact that Ampere's Law as shown in 
Figure 1 is an important generalization that relates 
magnetic induction to the electric current that 
produces it. More than this, it was emphasized that 
Ampere's Law may be readily applied to configurations 
of high symmetry but that, in most cases, evaluation 
of the line integral is very difficult. 

In such instances — where the conditions of symmetry 
are not met to the extent required for applying Ampere's 
Law — it is often possible to find the value of the 
magnetic induction vector at a point near the conductor 
by using a relationship called the Biot-Savart Law. 
Although the Biot-Savart Law may be deduced from Ampere's 
Law and vice versa, the proof of this is not of immediate 
concern at this time. 
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AMPERE'S LAW 



FIGURE 




This discussion will concern itself with a general statement 
and exposition of the Biot-Savart Law, and a description of 
the procedure involved in using the law to solve a specific 
problem. 

Please refer now to Figure 2. An asymmetrically shaped wire 
carrying a current is shown divided into tiny elements 
labeled "dl". These will be referred to as "current elements". 
In this way, the conductor's total current is considered to 
be composed of a large number of discrete elements, the 
direction of the current in a particular element being that 
of the wire at that point. 

1 

If a specific current element is selected for study, one 
may then consider the nature of the element of magnetic 
induction dB that is produced by that current element. 
With dl and P in the plane of the diagram, the direction 
of the induction vector is known at point P; as given by 
the right-hand -cule for conductors, the induction vector dB 
is directed into the plane of the diagram, perpendicular 
to it. 
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The Bio t-Savart Law is used to de.ter^iftiaae the itgi^Bgcg£?j>giile of dB. 



Figure 3 presents the Biot-^Savart Law in mathematical form. The 
magnitude of the magnetic induction vector is dB at point P'; 
the permeability constant, is the current in the wire, dl is the 
length of the current element, r is the distance from the current 
element to point P, and 9 is the angle between dl and r. 

The next consideration follows logically: to find the ^magnitude of 
the induction vector at point P due to the net feffect of all t'tie dl 
contributions , it will be necessary to perfprm an integration of these 
elements over the whole length of the 

With a cGim-xmi^' current iifi ^ rir^ pf ^^fM^Milfe ieu^fth, the integration 
can be ^mtim^■^^^ p^rfeii^we^ if the -^r&i^cm # %Jith respect to 
each of tdhe curcent el^iB«w^« '<^mi be ^xprt&^sed machewdtically over the 
length ®f th« vire. 

The use of the law may be readily demonstrated for a specific example. 
Please refer to Figure 5 show* M iit^ngj straight, current-carrying 

wixe foY which the Htfigfti^tle i^uiuctioti B at point P near the wire is to 

detemin^. This example has been chosen so t^ut the student may 
have the opportunity to compare i^im 8l0t-SavaF6 fec^ititlon with that 
obtained by using Ampere's Law in a previous case. Host textbooks 
discuss this particular Biot-Savart application and the student is asked 
to study the solution given in the books carefully. The approach used 
here is somewhat different, however, and provides an opportunity to see 
hQw the problem may be approached from a different starting point. 

Consider the wire in Figure 5 to be infinitely long. As shown in the 
diagram, 0 is the angle between dl and r while angle a is its comple- 
ment; R is the perpendicular distance between the wire and the point P, 
Also, da is the angle subtended by the length of one of the current 
elements. Since the wire is infinitely long, consideration of one dl 
after another starting at minus infinity and going up to plus infinity 
will involve letting a vary from -90 degrees to +90 degrees. Thus, 
the limits of integration extend from - 7r/2 to +tt/2. 
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Figure 6 illustrates how the Biot-Savart Law may be set up in 
terms of a rather than 0. Since a is the complement of 9, sin 
0 is merely replaced by cos a. 

To perform this integration, it is of course necessary to 
express all of the quantities on the right side of the equation 
in terms of only one variable. In this particular approach to 
the problem, all these quantities are to be expressed in terms 
of a. Referring back to Figure 5 for a moment, note that the 
length of the wire 1_ is related to the distance R by the 
tangent of the angle a. That is, one may write 1 = R tan a 
since tan a = 1/R. 

Please refer now to Figure 7. Clearly, dl is needed in the 
equation; hence, 1 may be differentiated with respect to a 
to obtain it. This differentiation is shown in Figure 7 and 
should be studied carefully before proceeding. 

The next task is to set up r in terms of a. Please refer to 
Figure 8. Since cos a equals R divided by r, then r = R/cos a. 
To simplify the work it is better to express r in terms of the 
secant of the angle as given in Figure 8. 



I 



#25 - 4 



B 



B 



=/ 
=/ 



4Tr 
4ir 



i dl cosoC 



FIGURE 



© 



B 



=/ 



/ = 



4TT 

R tan oc 



dl 



= R sec^ oc 



da>C 

or dl = R sec ^ <=< rfoc 



FIGURE 



'WIRE 




Figure 9 shows the step-by-step procedure used in substituting the 
trigonometric relationships into the general form of the Biot-Savart 
equation. 

2 

Step (a): R sec a da has been substituted for dl, 
2 2 

Step (b): R sec a has been substituted for r. 
Step (c): Simplification, 

Step (d): Set up to integrate between chosen limits 
to find B at point P, 

The integral of the cosine of an angle is the sine of the same angle. 
This is one of the reasons for selecting this approach: evaluation .of 
the integral is extremely simple. Now, going to Figure 10, the solution 
is apparent. Please study this carefully. Note that the final expression 
for B is identical with the solution obtained by directly applying Ampere's 
Law to the same configuration. 

The student will find that many problems can be easily solved by using 
.the Biot-Savart Law while these same problems would be considerably more 
difficult if he attempts to apply Ampere's Law to them. 

As a student, you have a significant advantage over a practising scientist. 
When a scientist encounters a practical problem, he cannot at the outset 
be sure that a solution for it exists, nor can he be certain that his 
mathematical tools and techniques are adequate for the job. On the other 
hand, the students may be quite certain that his Study Guide will not 
present insoluble problems, and that patience and care, plus the basic 
skills acquired by practice and study, will be enough to assure success. 
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THE LAW OF 
BIOT-SAVART 



TERMINAL OBJECTIVES 

15/1 A Derive the expression for the magnetic induction 
within an ideal solenoid as (equation) is the 
actural current in the solenoid wire and n is 
the number of turns. (diagram) 



15/1 D 



Use Fig. 4 as an aid in mathematically deriving 
the equation for the magnetic induction at point 
P; (equation) . 
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Faraday's Law, discovered by Michael Faraday In the. 19th Century, 
represents still another great generalization of physics. Its 
sociological significance, too, ranks among the highest because 
many aspects of our modern technological civilization would have 
been greatly altered had this principle remained in obscurity. 

A discussion of Faraday's Law properly requires that a few items* 
of backiground material be briefly reviewed. 

The magnetic flux ^ across a surface is defined as the surface 
integral of the normal component of the magnetic induction B 
over the surface. Figure 1 presents the mathematical definition 
of magnetic flux which is clearly the parallel of electric flux 
with suitably altered symbolism. As the Figure indicates, the 



total flux across a given area is « / B*dA. Since this is a 



dot product, the magnitude of the flux is related to the cosine 
of the angle between the normal to the plane of the surface and 
the actual direction of the B-lines . Referring to Figure 2., it 
is seen that the flux through the area can be found by integrating 
B cos 9 dA over the area under consideration. This idea should be 
studied for a while before proceeding. 
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The physical outcomes of Faraday's Law are best approached through 
the medium of a simple experiment using the equipment and connections 
shown in Figure 3. A coil of insulated wire is connected to a 
sensitive galvanometer as shown. A magnet is held above the coil , 
preparatory to inserting it into the coil. Although a galvanometer 
is a current-detector since a cutrent must pass through its movement 
if a deflection of its needle is to be obtained, it may also be used 
to show the presence of an emf across its terminals. Initially, 
when there is no emf, the galvanometer needle is at a center zero 
position. When an emf is applied, the direction of needle deflection 
serves to indicate the direction of the current and, thus, the 
direction of the applied emf. 

The magnetic field around a bar magnet may be visualized as lines 
of magnetic induction as in Figure 4. In general, these lines can 
be pictured as forming complete loops running roughly through the 
north-seeking and south-seeking ends of the magnet. At any point 
in the field near one of the magnetic poles, the field strength may 
be judged by the density of the lines at that point. The flux 
through a given area very close to the end of the magnet, for 
instance, would be substantially greater than the flux further away 
from the same end, through an equivalent area. This is evident 
from the way in which the lines spread out at greater distances 
from the end of the magnet. 
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To perform the experiment, one end of the bar magnet is slowly inserted in the coil 
while the galvanometer is observed. A deflection occurs, indicating the presence 
of an emf across the meter terminals* This is displayed in Figure 5. In the illus 
trated example, a north-seeking or N-pole is moved downward into the coil causing 
the needle to deflect to the left. After insertion, the magnet is brought to rest 
inside the coil; at this time, the galvanometer reacting drops back to zero. When 
the magnet is slowly removed from the coil, a deflection is again observed, this 
time in the .opposite direction, toward the right as shown in Figure 6. 

The same experiment may be performed in a slightly different manner by moving the 
coil relative to a stationary magnet starting with both at rest. When this is done 
say when the coil is moved upward with respect to the stationary N-pole inside it - 
the galvanomenter again deflects. The direction of the deflection in this case is 
the same as it was when the N-pole was moved upward in the previous case. In short 
it is the direction of the relative motion of the coil and magnet which appears to 
be the important factor in determining the sense of the current. 

In the second phase of the experiment, a comparison is made between the amount of 
deflection obtained as a function of the speed of .the motion, that is, a comparison 
of the induced emf for fast relative motion and slow relative motion. It is 
observed that the magnitude of the deflection increases with increasing speed 
of relative motion. 

The question naturally arises at this point: what interaction is taking 
place? What causes the emf to be induced? Apparently relative motion of 
coil and magnet results in a change in the amount of flux that ^cuts through 
the conductors of the coil. Regardless of the way one performs this 
experiment, it is always found that the magnitude of the emf, and hence the 
magnitude of the current in the galvanometer, depends upon the time rate of 



MAGNET 



GALVANOMETER 





FIGURE 



© 



MAGN ET 



COIL 



ERIC 




N 



■7 



FIGURE 



© 



This key opposition may be dramatically demonstrated by means of another 
simple experiment as illustrated in Figure 13, A coil of many turns is 
wound on a long irou core and connected to a suitable seat of emf through 
a spring pushbutton. A seamless aluminum ring rests on the coil with the 
core passing through it. Aluminum is used for two reasons: first, it is 
not a magnetic material and displays no ferromagnetic properties^ Hence, 
any magnetic phenomena we might observe in connection with the ring cannot 
be blamed on its material. Second, aluminum has a very lov7 electrical 
resistance so that even a small emf induced in the ring can cause a large 
current around its circumference. When the switch is^ closed (pushbutton 
depressed), an increasing flux builds up in and around the core causing 
tha flux cutting through the aluminum ring to undergo a very rapid time 
rate of change. Although the flux build-up is not instantaneous, it does 
occur so swiftly that dy/dt assumes an anormous value. The induced emf 
is correspondingly great and because the resistance of aluminum is so 
small, the induced current is immense. Thus, the newly induced magnetic 
field around the ring is very, very large. 

This tremendous induced field must oppose the causative field j the 
repulsive force thereby developed must therefore be relatively great. 
The result is that the ring is thrust upward and away from the coil so that 
it flies away from the system straight up into the air. When done properly, 
this experiment is quite spectacular. The ring can be made to fly upward 
with enough initial velocity to strike the ceiling of the room with a 
resounding thwack. 
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Thus, an emf induced in a conductor as t result of relative motion of the 
conductor in a magnetic field has a mf nitude that depends on d^/dt as 
shovm in Figure 7. This relationship is given as a proportion, that is, the 
induced emf symbolized by the script "E*' is proportional to the time rate of 
change of the magnetic flux, d^/dt. 

It is now possible to develop a logical scheme for determining the direction 
of the induced emf when other necessary things are known. Here again, a • 
sensible approach is to study a specific case and then apply what is learned 
about this specific case to a valid generalization. 

Figure 8 shows a metallic loop of fixed area; a galvanometer or some other 

indicator of induced emf is imagined to be connected to the ends of the loop. 

The loop is next moved toward an N-pole of a bar magnet as in Figure 9. As 

the relative motion proceeds, the flux through the loop increases since it 

moves through a region of greater flux density a^it approaches more closely 

to the magnetic pole. As was previously shown, a change of flux results in 

an induced emf which in turn causes a current in the closed circuit of the ) 

loop and galvanometer. It is necessary now to determine whether or not the 

direction of this induced emf can be predicted from an analysis of all the 

other relevant factors. There are only two possibilities, both of which 

are Illustrated in Figure 10: the direction of the induced current will be 

either clockwise as in Figure lOA or counterclockwise as in B. The fact 

that there is a current in the loop, regardless of its direction, means 

that a new magnetic field has come into existence ~ the field produced 

by this current. Its direction is easily established by using the right-hand 

rule: grasp the loop with the fingers of the right hand encircling the loop 

in the direction of the current; the extended thumb will then point in the 

direction of the magnetic field. 
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Consider case A first. The right hand rule shows that the field due to 
the induced current will thread through the loop from right to left as 
in Figure 11, In case B, the same rule gives the direction of the field 
from left to right. 

Figure 12 has superimposed the two previous diagrams on one another so 
t it the combined effects become visible. In each, diagram, one field 
originates at the external bar magnet's pole while the other arises from 
the current induced, in the loop. In case A, both the applied and induced 
fields have the same direction — from right to left. Note the funda- 
mental impossibility this implies. Increasing flux leads to increasing 
induced current which leads to increasing induced field which leads to 

increasing flux which leads to increasing induced current « and so on. 

This endless chain suggests the possibility of infinite induced currents 
and infinite fields, absurdities, of course. It is a flat contradiction 
of the principle of conservation of energy. For this reason alone. 
Case /i must be discarded as a natural impossibility^ 

On the other hand, case B is quite possible because the applied and 
induced fields are oppositely directed. Since they oppose one another,, 
there is no implicit nor explicit violation of the conservation principle. 
Case B must, therefore, show the situation as it must exist in nature. 

With opposing fields taken as being the true nature of things, it is then 
clear that the induced emf is not only proportional to d^/dt but also that 
it is equal to the negative of df5/dt. This may be stated as follows: the 
direction of the induced emf must be such as to produce a current whose 
magnetic field opposes the change of flux which initially induced the emf ^ 
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The descriptive aspect of Faraday's Law involving the 
direction of the induced emf (and current) is generally 
known as Lenz's Law. This is indicated in the summary 
presented in Figure 15. In studying the suinmary, 
please note that the two laws are very intimately 
related — one is quite valueless without the other. 



FARADAY'S LAW 

dt 

LENZ'S LAW 

The direction of an induced 
current is such as to oppose 
the change of flux causing ito 
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FARADAY'S LAW 
OF INDUCTION 



TERMINAL OBJECTIVES 

15/3 A Trace the development of Fara4ay''s Law ox 

electromagnetic induction through an analysis 
of his basic experiments. 



15/3 D Apply Lenz's Law to determine the direction of induced 
emf's in various induction situations. 



MOTION OF AN 
ELECTRON IN 
COMBINED E 
AND 6 FIELDS 




The beginning of the twentieth century witnessed a number 
of important experiments which marked the inception of 
modern physics. Not the least among these were the hril'- 
liant investigations into the nature and characteristics 
of the electron performed by the English scientist, Sir 
Joseph John Thomson. By studying the effect of combined 
electric and magnetic fields on moving electrons, Thomson 
determined for the first time the charge-to-mass ratio 
(e/m) of the electron. The apparatus described in this 
text resembles Thomson's equipment very closely; the 
qathode-ray tube used in a prior discussion ("Deflection 
of Electrons in an Electric Field") is to be applied again, 
this time to an analysis of the motion of an electron beam 
in a combined electric and magnetic field. 



(Figure 1) The cathode-ray tube shown in this drawing 
has been previously presented but a brief review would 
not be out of place here. Electrons sprayed from the 
hot cathode are focused by the cylinder surrounding the 
heater-cathode assembly and accelerated by the anode 
adjacent to it. The electrons pass in the form of a . 
beam through the small opening in the anode and pr^^Hieed 
in a collimated pencil to the fluorescent screen at the 
enii of the tuhe. The fluorescent spot marks the terminus 
of the beam at the screen. If there is no difference of 
potential between the parallel plates in the path of the 
beam, the electrons pass through without deviation. When 
a potential difference is present, however, the beam is 
deviated to an extent determined by the magnitude of the 
voltage and the geometry of the tube: the direction of 
the deviation, that is to the left or to the right, is 
governed by the direction of the electric field set up 
by the potential difference between the plates. 
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(Figure 2) This is a top plan view of the edges of the 
deflecting plates. With the polarity of potential 
difference as shox^ — the right-hand plate positive 
(viewed from the observer's position facing the screen) 
and the left-hand plate negative — the electron beam is 
deflected toward the right. It must be remembered that 
the. beam consists of negatively charged particles, hence 
the force acting will be in a direction opposite that of 
the field. The field is directed toward the left, the 
electrons are deflected toward the right. 
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(Figure 3) Electrons are also deflected when they pass 
through a magnetic field provided that some component of 
the electron velocity is perpendicular to the field. In 
this drawing a positive particle q is shown moving upward 
with velocity T at right angles to a field directed from 
right to left, The rxght-hand Palm Rule indicates 

that the force exper ced by q is directed toward the 
observer as shown, and is perpendicular to the plane 
containing B and v. The equation in tlie figure also gives 
the vector equation for the force: it shows that the 
force is a cross-product in which v is rotated into B^ 
Tais is the relationship of particle velocity, B-field 
direction, and force for a positive particle. The change 
required in the relationship when the particle is negative 
is shown in Figure 4, 
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(Figure 4 ) For a negative particle like an electron, 

the force F is still a cross-product in which v is 

rotatec /^to B, but this time it is multiplied by 

negative - . the charge on the electron. Thus, the 
o 

force is 180 from the direction it had when the 
particle was positive. The same result is obtained 
when the left-hand Palm Rule is used. Note, however, 
that the force remains perpendicular to the plane 
containing v and B. 



(Figure 5) In the equipment under discussion, the B-field 
is developed by a current-carrying coil placed above the 
tube in line with the deflection plates. In this case, the 
current direction is chosen so that the B-field is directed 
downward. The student should now apply the left -hand Palm 
Rule to verify the direction of the force on the electron 
beam as it is given in the drawing: fingers of the left 
hand pointing downward, extended thumb in the direction of 
the velocity v_, force toward the left as viewed by an 
observer standing in front of the screen. Note that things 
have been arranged so that the B-field gives rise to a 
deflection in a direction opposite that of the B-field 
discussed before: left for the B-field, right for the E-field. 
The extent to which the beam is deflected is readily con- 
trolled by the operator by suitably changing the electrical 
values. The B-field magnitude may be altered by changing 
the current in the coil and the E-field may also be varied 
by changing the potential difference across the deflection 
plates . 



(Figure 6) This is a diagram of the front screen and the 
fluorescent spots in positions obtained for special • elec- 
trical conditions. On the left is the spot position for 
a specific B-field in which the force acting on the beam 
is = evB. On the right is the spot position for 

specific electric field which exerts a force F = eE. In 

E 

the center is the spot position when F is equal to F , 

both forces acting for the same length of time on the beam. 

Stated otherwise, the beam is undeflected when F = F 

B E 

over the same time interval of action. Thus, a properly 

selected B-field can nullify the deflection caused by a 

given E-field, or vice versa. In actual practice, the 

E-field potential is selected to produce a deflection of 

a few centimeters and then the current in the coil is 

adjusted until the spot returns to its undeviated position. 

For this balanced condition, the forces may be equated. 

The student is asked to set the equivalents of F and F 

BE 

equal to one another and then solve for v, the velocity 
of the electron beam. This should be. done before turning 
to the next page. 
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(Figure 7 ) The solution is shown here. It is seen that 
the beam velocity may be calculated very simply from the 
ratio of E tO' B. This provides an easy -method for 
measuring the velocity of the beam since both E and B 
are readily measurable individually. With the velocity 
known, calculation of e/m then becomes a matter of 
applying straightforward, elementary mechanics to the 
geometry of the tube. Various approaches may be used, 
all of them depending on the assumption that the beam 
velocity can be measured. Many of these procedures 
are fully described in elementary college textbooks. 
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MOTION OF AN 
ELECTRON IN 
COMBINED E 
AND B FIELDS 



TERMINAL OBJECTIVES 

10/3 B Answer questions and solve problems relating to 
potential field strength. 

14/1 B Answer qualitative questions relating to the magnetic 
induction vector B • 
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L-R TRANSIENTS 

A transient electric current is a current of temporary nature 
which appears in conductors as a result of the transfer of stored energy 
somewhere in the circuit. In the study of transients in circuits con- 
taining resistance and capacitance, it was shown that such energy trans- 
fers cannot occur instantaneously. A specific time is required for a 
transient current to grow or decay. It was further demonstrated that 
the delay time in either case is a function of the magnitudes of the cir- 
cuit constants and that growth and decay times can be calculated by 
applying the relevant mathematical relationships. 

Circuits containing inductance L, resistance R, and a seat 
of emf £ also display delay phenomena. Just as an RC circuit has a 
time constant , a circuit containing L and R may be shown to have a sim- 
ilar characteristic which governs the time required for a current in 
it to grow to some desired value, or to decay from some initial value 
to some other lower one. 

i 

This paper deals with the development of the relationships 
relevant to the growth and decay of transient currents in L-^ circuits. 



Figure This is a schematic diagram of a common laboratory set up 

designed to show that L-R transients do indeed exist. The coil must 
be a large one containing many turns of relatively heavy wire. The 
switch S^, the light bulb on the left, the switch S,, and the entire 
coil are all connected in series. The light bulb at the left is con- 
nected across part of the coil. 

When both switches are closed simultaneously, both lamps 
light but the growth of the current is substantially slower than it 
would be if the lamps had been connected directly to the 100-volt 
DC generator. The delay effect is readily observable, particularly 
If the coil is properly wound. As in RC circuits, the delay pheno- 
menon is explained in terms of ene^rgy transfer: the current from the 
generator gives rise to the growth of a magnetic field in and around 
the coil. The electrical energy is converted into energy stored in 
the magnetic field and, since energy cannot be transferred instant- 
aneously, a finite time is required for the current to grow from its 
initial to its final magnitude. Essentially, the inductance of the 
coil impedes the growth of the current in the circuit. 

Assuming that both switches have been closed for an inter- 
val long enough to allow the current to reach some maximum value, the 
effect of opening switch S is then observed. Two things are then seen 
occur: as the switch ope^s, a violent electrical arc appears across 
It, vanishing cnly after the switch has been opened all the way 
secondly the right-hand lamp fla..hes on so brightly that it ma^ very 
well be destroyed-. From the circuit point of view, opening switch 

TnZ nf . ^" inductor to dissipate itself in the 
form of a current in the right-hand lamp. Just before S, is opened 
a^strong^ magnetic field is present in the coil; when thl voltage source 
"luct ? r 'J^' ""^^ disconnected, the field collapses and in- 
duces an emf in the coil itself. The current resulting from this in- 
duces emf has only one path to take — through the associated light 
thP Iffp^r^ ^""^y transferred instantaneously, 
conJjfr^Jl . coil tends to keep the current flowing for a 
•taS bv ^i^^^^f^f the switch has been opened. The current main- 
rt T.t l 'J? ^=°llapsing field when the switch is opened is an L-R 
transient which may give rise to potential differences that are very 
Tarn o^f'^^ «o-ce voltager of ten more dangerourto 
turn off the current in a coil than it is to turn it on.' 
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Figure 2 : The method used to analyze L-R transients Is similar to the 
one employed In the study of RC circuits. To begin the analysis, con- 
sider that the switch S In the circuit shown here Is open and that a 
current i has been established In the resistance and the coil« The 
switch Is then closed, short-circuiting the source of emf. (This is 
never done In practice because It would damage both the source and the 
switch. The circuit is drawn this way to avoid unnecessary complexities). 
As the magnetic field in the coll collapses, it Induces a transient cur- 
rent around the closed loop containing the switch, the resistance, and 
the coil. The duration of the transient current depends on the circuit 
constants as has already been mentioned, but its instantaneous value jL 
may be used in setting up a Klrcbhof f , loop equation. 
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Figure 3: The first expression is the required loop equation. The 
first term, Ri, is the voltage drop in the resistance due to the presence 
of the instantaneous current i. The second term in this equation is 
the voltage induced across the coil as the magnetic field collapses, that 
is, the inductance multiplied by the rate of change of the current di/dt. 
Since this traversal completes the loop, the sum of these voltage drops 
is set equal to zero as indicated. 

The second equation rhows a rearrangement «£ terms in .which Ml 
has been shifted to the right side and has had its s%n changed.. 

The third expression is a second rearrangement of terms to 
graneisiM variables together in preparation for the required integration.. 
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i Igure 4 1 The final exptessioa obtained in the previous figure is 
repeated at the top of this group. Taking indefinite integrals yields 
the second equation of this group. It should be remembered that the 
constant of integration may be expressed in any form desired; in this 
case, rthe subsequent steps are facilitated by using the logarithm to 
the bse e of a constant number, "In Constant". 

Antilogs are then tateen to establish . the third equation of 
the group in ^hich thie instaimweous curreiat 1. appears to ire equal to 
some ^cwatoMDCnmul tip! ied by.^ ra^Bed to the -Rt/L power. Hci find the 
value of TCiiKtascxnstant., the timsB Is set equal to zero so tiiat she 
entire exponent becomes zero. - ... e° - 1 so that the coflsttsamt aiust 
be equal to :a±;e instantaneous current at zero time, that is^ at ^the in- 
stant of c2tos±ng the switch. This permits us to write the ©inal ex- 
pression of the rgroup showing that the itastantatieous current 1. at any 
tinfc^; t^ is ra- function of the initial current, the resist ance^H, and' the 
inc£Qct:ancz£ X.« 

Mi this point, in preparation fox the next step, it would be 
helpful -to ix2e»iew one small aspect of the RC time constant briefly. 
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Figure 5; The first expression shown here is the exponent of £ in the 
RC transient equation. Note that t^ is in the numerator and is isolated 
from the other circuit quantities which appear in the deHDminator . In 
this form, the product RC serves a very useful purpose asrthe time-constant , 
a quantity of significance in circuit design. 

As it turns out, it is advantageous to modify tfrp exponent of 
e in the L-R expression saritiiat it, too, contains only th^factnr t_ in 
the numerator with, the L^a«4fiR factors in the denominator:* Th±si mod- 
ification is shown in the«Mcoad equation of the group. 

When set up in:-fft»»^f orm, L/R has an analogous significance 
as the time-constant of L-S.ri33Si6Ccuits. It may be readily shown that L/R 
has the dimension of time:ismmii^may be expressed in seconds. This is 
left as an exercise for thEsmandent. (Hint: set up a ratio of the henry 
to the ohm, convert thesemsKr^s to their fundamental forms, then solve). 
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Figure 6 ; 



To recapitulate, the expression obtained for the d^ca 



current in an L-R circuit is: 



i - i e 



-Rt/L 



o 



OR 



i » i e 



o 




The anBalysis- of current growth in an L-R circuit is handled in nuch the 
same nanner. With tthe source of emf connected to the series arrar^gemeot 
of I^ amL Ry the current starts at zero and begins to increase as ir builds 
up rh^aragnetic field in the coil. The Kirchhoff loop equation for the 
instantaneous current i^ at any time t^ is given by the first expression 
in this group where § is the source emf. Since this development is quite 
similar in concept to the one discussed in R-C TRANSIENTS, it will be 
left as an Important and valuable exercise for the individual atnudent. 
Fill in the intermediate steps between the first and second expressions 
shown here and note that L/R is once again the time-constant of the circuit. 

The final equation shows that the instantaneous current i^ 
after an interval of current growth t^ is equal to i^o multiplied by 
( 1 -e-Rt/L) . The term ioois the current that would appear in the 
circuit .after an infinitely long interval of current growth. 
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Figure 7 ; Here Is a summary of the ^aoBncims discussion. A great deal 
can be learned about the significance of::tthsae equations by substituting 
various values for t, R, and L and notlogi hn«r:the instantaneous current 
changes. For example, determine the f rartiniir of the initial current 
in the decay equation that would be pre iU'uiL ±n the circuit after an in- 
terval of one time-constant period, that: "iB , where t « R/L. Test the 
equations for t « 0 and t « infinity. 

Bear in mind that i^ in the dsscay equation is the initial 
current before decay starts and that itrrfen given by £/r. 

Note, too, that is the ciirEm trtrhat would be present in 

I 

the circuit after an infinite growthrxlmEu This value of the current 
is also given by £/r. 
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TERMINAL OBJECTIVES 



15 .03 124 00 analyze the general RL current growth equation 
qualitatively and quantitatively. 



15 03 126 00 analyze the general RL current decay equation 
qualitatively " and quantitatively . 
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R-C TRANSIENTS 

The word "transient" as it is used in physics implies something temporary 
just as it does in ordinary English. A transient in a hotel, for example 
is a temporary resident, one who rents a room for a day or two. In phys- 
ics, the term implies a lack of permanency or a condition which is the 
opposite of a "steady state". A transient current in an electrical cir- 
cuit is a current that arises because of a potential difference between 
two points of a conductor but lasts for a relatively short time. A 
transient electric current is readily demonstrated with the simple equip- 
ment shown in Figure 1. 



Figure 1 : This is a schematic diagram of a circuit containing a seat 
of emf (a battery), an ordinary incandescent lamp, a single-pole double 
throw switch, and a capacitor. With the capacitor initially uncharged 
and the switch in the lower position, the capacitor circuit is open and 
there is no current. When the switch is moved to the upper position, 
the circuit is complete so that the battery begins to charge the capac- 
itor and current appears in the conductors. As the capacitor charges 
and the potential difference across its terminals increases, the cur- 
rent in the circuit gradually decreases because the polarity of the 
capacitor voltage is in opposition to that of the battery. After a 
time, no further current can be detected ~ it has died out. Thus, 
this is a transient current which persists only as long as the capac- 
itor has not charged to its maximum voltage. The action is made vis- 
ible by the incandescent lamp. When the switch is first moved up, the 
lamp flashes on brightly but then begins to dim as the transient current 
starts to die out. The time required for the decay of the transient 
current is equivalent to the charging time of the capacitor. Energy 
cannot be instantaneously transferred from source to receiver in any 
natural phenomenon; in this case, a capacitor cannot change its state 
of clmgm i ^^^her direction instantaneous ly^ When the switch is moved 
down, the lam again flashes on, remains on f^^ir approximately the same 
time as before, and then goes out. Once mot»a, a definite time is needed 
for the capacitor to transfer its stored energy to the light bulb. 
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-DISCHARGE CIRCUIT 




FIGURE 





ire 2 ; Looking into this analytically, it is assumed at the s^aacr 
the capacitor has been fully charged and that the switch has ymsa 
■-m moved to its lower position, starting the discharge process. Ar 
Hks instant, the Kirchhoff loop equation can be written as shown 
artlng at the top plate of the capacitor and going around the loop 
a counterclockwise direction, the first component encoufllsered is 
■^^t- lamp of resistance R carrying an instantaneous current 1 so thmt 
:mm- voltage drop across it is Ri. Uie capacitor is next in line in 
^Wte traversal of the loop; here is found a potential dlffei^ence daae 
n Che charge on the capacitor. The voltage is, of course, given 

ratio of charge to capacitance or q/C. Back at the starting poaint 
«*t ;the loop, the voltage is equal to the initial value at the begintfia^ 
of the traverse so that the sum of the two voltage drops must equal zema: 
indicated in the first equation. 

In the second equation, dq/dt has been substituted for the 
instantaneous current i. 

Transposing terms yields the third equation. This may be 
read verbally as: the rate of change of charge of the capacitor at any 
instant is numerically equal to the initial charge ^ on the capacdtor 
divided by the product of the resistance in the circuit and the capac- 
itance of the capacitor. This product RC is known as the -tim&^^ms^it 
k elie; .circuit. Its significance will be deoonstralswl «1ioxtig^ 
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Elgure 3: This difffiraattlal equation ^ms^ dif f icncLt tmaa£Sbt^ The 
terms a£ tse first aq*jasskm axe rssrraiaeed as shown -txn ir :jB^ second. 

13s& indefinite integral of esem side is then t^tem ti^ obtain 
the thicd: eaaation. Ttet is, the intasi^l of dq/dt is singly Jist g^, 
and the ixsdemm±te iTitegrHl of -dt/RC -t/RC plus ai aconfiateant- Since 
the co iWilffTmr mm^ be daoosen in any foB^ Aestred, it is£sssf^ iir this 
case to write 3it as tlie Is^arithm of ^ii constant, or 1m Coast). 

Etgure The -next step Involves tallKaiK the antilog of the- express ion 
(develoi»i pia5iiously, :heTO shown as r^ nBp^r equation^ Wini tSiis is 
done, t&e second equation is obtained^ Ho fetermine t3ie vaftae of the 
constant, £ i^set eqisal to zero so that: the entire expon^ffital term 
becomes asero. This means: that, for \tms assumption, e beci«s unity. 
Hence, wfaen t - 0, ttaBscnnstant is eqaail to the initial chnsge q^ :and 
the expCTSB*nn takes? ^aateiforai shown in the lowEEmost equatdron. 
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iF igiimpp 5: t fim tdhe dimensiinwLl ]m^-^ view, if t4»«eirlght sP*a:is of the 
fCijcsgr^imiiiii 1111111111 li ghovn here lsz:3crrteine the same unlrry^^as thfe Jiflifit: side, 

the f^^THi-iif- e^^/Ml BQSt be d^"^Ttgiiftnwfinii^._ It follows, Hyi Aw i- j^f^ TW idiat 

:the prpdiicx: R C I rmiTSt have the saine^ddiffinsion as t^, tbar lis it uRsat be 
expresrad:d:n t±mE units. Itt: Is oiast <filfficult to show tSiat this is 
indeed tnse : RC is measured in amconds rand provides atr: indicatdinn of 
the ra^ie rat: wh ic h the transBient:*^*liiflC3reiBt decay of the ^da«rfiargin3g 
capacitor nnf^n rs.. Essentiaaiy;, -f^rgsi rf« rhp reason f or Tsss^rrlQig to 
EC as the time constant of the^crhrmsM^ If this pitodtoct is-MBle larger 
iby increasisirg either the r^eslstsmoe^ Itte capacitance, m:-bot&:, t:he 
decay-time increases correspandfflamly^ ddmsccordance wisfh tiie uaisation- 
ship shown loeiEe.. It should also be noted that^ inmioiader^or^^iicapaci— 
tor to dl^rterg e fully — actMHaiy tto zggo — a:he f^inm* cxms^mm^rmnat 
theoreticaiEly, at least, be jfiiiefaids^ ^ praciiibie^ tawever,.aa:^a»pacitox 
is consiifcsBd to be fully d lwuhaia cd after an rrTwjiia'il f tmr of 
tiroe-conataaac periods. For ^esBmpie^ Jat m ^circirir mnso^ning aixap^Bci- 
tam^ of LJOiKbnrof arad and s^xeslfi^^ 1 . 0 «waiyifawgr: t^h» f»|Bff«» t ant 

Jss .1 JriiHiiilL .. ^iben sudi a capadttacr Ms ^lEowed ta&md^sranxge froBtrrsnaie 
in±ttfiai:^^<^aSae fior a period of: !S«iil^Ktfla, the^wfi^^^BacB^ss its 
tteianfoiaT^^ fi6 ttfen: taken rto be^ aasm^j it; is rlir ii iiiiiiiiiTi^iiiiii IT tto ixMe 
d^SB^argefliffiijily , 



^^moBSR 6 ; The tmlmtixmsM:^ fox aihe charging transient is obtained in 
a »iiH!Eiar manner mtthough riwp desrelopmcnt is soraeMiiat more complicated. 
Ta mmM unnecessary matheiuitio^ ccn^Hlexities , an indication of the 
neaahod of ob rffftri-n g the etpnatiom car charge will lae presented rather 
tSmai a rigoroas derivradkoL* 

The switch i» iroved to the opper position to start the charg- 
±m process , assiming that the capacitor has been previously fully dis- 
rfaargptd . The first e«pifia:ticm sgkmm the Kirchkaf f loop relationship for 
tails aituatlain., The addlitiroii aMf tSie seat of emf mandates tbc inclusion 
a£ the "E*^ term csn the rfght s£ie» 

jEt ii^^uafc: 7 ; This e^Mtic» cMi litt sninced by findlfing the <complementary 
i:i mH ; t I tn n mxtd adding to Jfc tte aiUaBr^ in whUch we are interested. It 
hasi aibiMciy been shovn WmL tthe^^aolntion takes the forme 

Hm CMHtant is then addtei t£D oiittB^ the third equation shown here. 
If thl»*«cquation im sidagtitnirffdhJhgaek into the first, it is readily 

i»thi^ talifittiiy., limmmm^ tflwt the leant equatston of this 
«f<MM^ 1« tite tfi«ei£t. me^feirftatt ±» urged to analyze tMs development 
tSmmsoisfff^ fOTT himself.. 
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Figure 8 ; Here is a sumnary of the two equationa for transients that 
have been developed: 

DISCHARGE: A capacitor has been charged to its maximum value, 
q^. This is its initial charge. The equation then states that the 
instantaneous charge £ remaiping on the capacitor at any timet t^ after 
discharge has begun is given by the right-hand term. 

CHARGE: A capacitor has been fully discharged. A seat of 
emf is then connected to it through a resistance. Then, the instant- 
aneous charge after a charging time £ is related to the charge the 
capacitor would have assumed if allowed to charge for an infinite time 
is given by the right-hand term. 

Thus, in the discharging phenomenon, is the initial full 
charge or maximum charge that can be taken on given enough time. In 
the charging phenomenon, q^^is the charge the capacitor would have 
assumed had it been given infinite time to do so. In either case, 
*lo ^oo can be replaced by EC as shown in the last statement. 



DISCHARGE: 
CHARGING: 
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Figure 9 ; A widely-used application of the R-C transient effect is 
shown schematically in this diagram. A source of direct current such 
as a battery is connected across a capacitor and a gas -filled tube 
such as a neon or argon lamp through a series resistor. The observed 
effect when this circuit is in operation is a periodic flashing of 
the lamp. 

The explanation is best started by considering the instant at which 
the capacitor is fully discharged, the voltage across the neon lamp 
is zero, and the lamp is unlit. As the battery begins to charge the 
capacitor due to the transient current, the voltage across the lamp 
and capacitor starts to rise at a rate determined by the time constant 
RC. The exponential increase of voltage is illustrated in the graph. 

A gas-filled glow tube is characterized by the fact that no light is 
visible when the potential difference between its terminals is below 
the required "breakdown" or ionization voltage. For a standard night- 
light type of lamp, this is approximately 60 volts. Thus, no effect 
is observed during the charging process until the voltage across the 
parallel combination grows to 60 volts. When this does occur, the 
gas ionizes and glows brightly. Simultaneously, the internal resis- 
tance of the lamp drops to a very low value. Since the lamp is con- 
nected directly across the capacitor, the latter is discharged very 
quickly by the conductive gas causing the voltage across the capaci- 
tor to drop correspondingly. At about 55 volts, the gas in the lamp 
deionizes and the lamp extinguishes. its resistance again rises 
to its initial high value. Thus, the capacitor once more starts to 
charge until it again reaches the ionization potential of the lamp 
and the process repeats. The repetition rate of the flashing light 
is clearly governed by the time required for the voltage across the 
capacitor to build up from the deionization potential to the ioniz- 
ation potential. For a given lamp, the difference between these two 
potentials is nearly constant, hence the frequency of the flashes 
is governed by the RC time constant of the circuit. Altering R or 
C or both will therefore result in a changed frequency; increasing 
the RC product increases the period and decreases the repetition 
rate of the f lashes and vice versa. 
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TRANSIENTS 



TERMINAL OBJECTIVES 



15 02 121 00 analyze the general RC circuit charging equation 
qualitatively and quantitatively. 



15 02 123 00 analyze the general RC circuit discharge equation 
qualitatively and quantitatively. 




